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Abstract

We construct a class of numerical schemes for the Liouville equation of geometric optics coupled with the Geometric
Theory of Diffractions to simulate the high frequency linear waves with a discontinuous index of refraction. In this work
[S. Jin, X. Wen, A Hamiltonian-preserving scheme for the Liouville equation of geometric optics with partial transmissions
and reflections, SIAM J. Numer. Anal. 44 (2006) 1801–1828], a Hamiltonian-preserving scheme for the Liouville equation
was constructed to capture partial transmissions and reflections at the interfaces. This scheme is extended by incorporating
diffraction terms derived from Geometric Theory of Diffraction into the numerical flux in order to capture diffraction at the
interface. We give such a scheme for curved interfaces. This scheme is proved to be positive under a suitable time step con-
straint. Numerical experiments show that it can capture diffraction phenomena without fully resolving the wave length of
the original wave equation.
� 2008 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper, we construct a numerical scheme for the high frequency wave equation in two-dimension:
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ou
ot
ð0Þ ¼ Bðx; 0Þei/ðx;0Þ=� ð1:3Þ
with suitable boundary conditions on oX. Here cðxÞ is the local wave speed, and �� 1 is a parameter mea-
suring the ratio of the wave length over the domain. In this problem, the relative wave length � is very small,
or the essential frequencies of the wave, which are of Oð1=�Þ, are high. A direct simulation of the problem is
prohibitively costly, thus approximate models for wave propagation based on geometric optics (GO) are usu-
ally used [13,16].

We are concerned with the case when cðxÞ contains discontinuities due to different media. Note nðxÞ ¼ c0

cðxÞ,
for c0 a reference wave speed, is the index of refraction which is different in different media. This discontinuity
will generate an interface, and as a consequence waves crossing this interface will undergo transmissions,
reflections and diffractions.

One of the approximate models for high frequency wave equation is the Liouville equation, which arises in
phase space description of geometric optics (GO) [13]:
ft þ H k � rxf � Hx � rkf ¼ 0; t > 0; x; k 2 Rd ; ð1:4Þ

where f ðt; x; kÞ is the energy density distribution of waves depending on position x, time t and slowness vector
k, while the Hamiltonian H possesses the form
Hðx; kÞ ¼ cðxÞjkj ¼ cðxÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

1 þ k2
2 þ � � � þ k2

d

q
: ð1:5Þ
The bicharacteristics of this Liouville equation (1.4) satisfies the Hamiltonian systems:
dx

dt
¼ cðxÞ k

jkj ;
dk

dt
¼ �cxjkj: ð1:6Þ
In classical mechanics the Hamiltonian (1.5) of a particle remains a constant along particle trajectory, when it
is being transmitted and reflected by the interface.

Recently several phase space based level set methods for high frequency waves, in particular the multi-
valued solutions in GO are based on this equation, see [6,14,17,18,22,23,27,37]. Semiclassical limit of wave
equation with transmissions and reflections at the interface were studied in [1,32,39]. A Liouville equation
based level set method for the wave front, but with only reflection, was introduced in [9]. See also a higher
order method for multiple reflection [10].

In [26], a class of Hamiltonian-preserving numerical schemes for the Liouville equation (1.4) with partial
transmissions and reflections was constructed. The design principle there was to build the behavior of the wave
at the interface—either cross over with a changed velocity (or momentum) according to a constant Hamilto-
nian or be reflected with a negative velocity—into the numerical flux. See also earlier works [24,25]. These
schemes are called Hamiltonian-preserving schemes, since they use a constant Hamiltonian to determine par-
ticle velocity on one side of the interface from the other side in the case of transmission. It gives a criterion for
a unique solution to the governing Liouville equation (1.4), which is linearly hyperbolic with singular (discon-
tinuous or measure-valued) coefficients. For a plane wave hitting an interface, it selects the solution that
describes the interface condition in GO governed by Snell’s Law of refraction when the interface width is much
shorter than the wave length, namely a sharp interface.

Previously many numerical methods have been introduced to compute effectively wave propagations through
heterogeneous media, including acoustic waves and elastic waves, see [31,45] and references therein. The Ham-

iltonian-preserving scheme bears some similarity with the immersed interface method [45], in that the interface
condition is built into the numerical flux. Unlike these earlier works, which were most effective for low frequency
waves, the Hamiltonian-preserving scheme is advantageous for high frequency waves. Using the high frequency
limit—the Liouville equation—our numerical methods do not need to fully resolve the short wave length.

The derivation of GO does not take into account the effects of geometry and boundary conditions, which
give rise to GO solutions that are discontinuous. Diffractions are lost in the infinite frequency approximation
such as the Liouville equation. In this case, correction terms can be derived, as done in Geometric Theory of

Diffraction (GTD) by Keller in [28]. GTD provides a systematic technique for adding diffraction effect to the
GO approximations.



6108 S. Jin, D. Yin / Journal of Computational Physics 227 (2008) 6106–6139
The aim of this paper is to construct a numerical scheme that accounts for transmission, reflection and dif-

fraction, when computable transmission, reflection, and diffraction coefficients are available. The idea is to
modify the numerical flux of [26] to include terms responsible for diffractions. These new terms incorporate
GTD theory, including diffraction coefficients and decay rates of the surface waves. In this direction, we men-
tion recent numerical methods for creeping waves [35,36,43]. To our knowledge, our method is the first Eule-
rian method for diffraction at interfaces that takes into consideration of partial transmissions, reflections and
diffractions. We develop such a scheme for curved interfaces. Other geometries will be studied in our future
works.

This paper is organized as follows: the GO approximations by the Wigner transform and by the WKB
expansion for wave equation are presented in Section 2. In Section 3, we illustrate the behavior of waves at
curved interfaces. We give detailed descriptions of GTD for two types of curved interfaces. In Section 4, inter-
face conditions for (1.4) that incorporate transmission, reflection and diffraction coefficients are introduced.
We then build these new interface conditions into the numerical fluxes and describe the numerical method
in Section 5. Numerical examples are given in Section 6 to verify the accuracy of the scheme against the full
simulation based on the wave equation (1.1)–(1.3). Finally, we make some concluding remarks in Section 7.
The detailed algorithms are documented in the Appendix.

2. Geometric optics approximation of the wave equation in the phase space

Consider the two-dimensional wave equation
utt � cðxÞ2Du ¼ 0; x 2 R2; t 2 R; ð2:1Þ
ujt¼0 ¼ uI ; utjt¼0 ¼ sI : ð2:2Þ
Introduce the new dependent variables
s ¼ ut; r ¼ ru
to obtain the system
or
ot �rs ¼ 0;

1
cðxÞ2

os
ot � divr ¼ 0:

(
ð2:3Þ
The energy density is given by
Eðx; tÞ ¼ 1

2

1

cðxÞ2
jutj2 þ

1

2
jruj2: ð2:4Þ
Let w ¼ ou
ox1
; ou

ox2
; s

� �
. Then system (2.3) can be put in the form of a symmetric hyperbolic system
AðxÞ ow

ot
þ
X

i

Di
ow

oxi
¼ 0 ð2:5Þ
with initial data
wð0;xÞ ¼ w0ðxÞ:

The matrix AðxÞ ¼ diagð1; 1; 1

cðxÞ2Þ, where each of the matrices Di is constant and symmetric with entries either
0 or �1.

To study the GO limit of solution of (2.5), we assume that the coefficients of the matrix AðxÞ vary on a scale
much longer than the scale on which the initial data vary. Let � be the ratio of these two scales. Rescaling space
and time coordinates ðx; tÞ by x! �x; t! �t, one obtains
AðxÞ ow�

ot
þ
X

i

Di
ow�

oxi
¼ 0; ð2:6Þ

w�ð0; xÞ ¼ w0

x

�

� �
or w0

x

�
; x

� �
: ð2:7Þ
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Note that the parameter � does not appear explicitly in (2.6). It enters through the initial data (2.7). We are
interested in the initial data of the standard GO form
w�ð0; xÞ ¼ A0ðxÞeiS0ðxÞ=�: ð2:8Þ

Following [38], one can study the GO limit of (2.6) by using the Wigner distribution matrix W �:
W �ðt; x; kÞ ¼ 1

2p

� �2 Z
eik�yw�ðt; x� �y=2Þw�ðxþ �y=2Þtdy; ð2:9Þ
where wt is the conjugate transpose of w. Although W � is not positive definite, it becomes so as � ¼ 0.
The energy density for (2.6) is given by
E�ðt; xÞ ¼ 1

2
ðAðxÞw�ðt; xÞ;w�ðt; xÞÞ ¼ 1

2

Z
TrðAðxÞW �ðt; x; kÞÞdk: ð2:10Þ
Let
lim
�!0

W �ðt; x; kÞ ¼ W ð0Þðt; x; kÞ:
As �! 0, the high frequency limit of E�ðt; xÞ is
Eð0Þðt; xÞ ¼ 1

2

Z
TrðAðxÞW ð0Þðt; x; kÞÞdk ¼

Z
aþðt; x; kÞdk; ð2:11Þ
where the amplitude a�ðt; x; kÞ is given by
a�ðt; x; kÞ ¼ 1

ð2pÞ2
Z

dyeik�yf�ðt; x; x� y=2; kÞf�ðt; x; xþ y=2; kÞ ð2:12Þ
with
f�ðt; x; z; kÞ ¼
ffiffiffi
1

2

r
ðruðt; zÞ � k̂Þ �

ffiffiffi
2
p

2jcðxÞj
ou
ot
ðt; zÞ ð2:13Þ
and k̂ ¼ k=jkj ¼ ðcos h; sin hÞt. This shows that
aþðt; x; kÞ ¼ a�ðt; x;�kÞ ð2:14Þ

and therefore one needs only to keep track of aþðt; x; kÞ. It satisfies the Liouville equation [38]
oaþ

ot
þ cðxÞk̂ � rxaþ � jkjrxcðxÞ � rkaþ ¼ 0: ð2:15Þ
Therefore, aþ can be interpreted as the phase space energy density distribution. It solves the Liouville equa-
tions (1.4) and (1.5), with the zeroth moment giving the spatial energy density Eð0Þðt; xÞ as in (2.11).

Next we mention the connection with the usual WKB approximation. We look for a solution of (2.6) with
the initial data
wð0; xÞ ¼ w0ðxÞeiS0ðxÞ=�; ð2:16Þ

in the form
wðt; xÞ ¼ ðA0ðt; xÞ þ �A1 � � �ÞeiSðt;xÞ=� ð2:17Þ

with A0 ¼ ðr0; s0Þ. The leading order in � gives the eiconal equation for the phase S
1

cðxÞ2
S2

t � ðrSÞ2 ¼ 0: ð2:18Þ
The next term Oð�2Þ yields the transport equation satisfied by the amplitude Aðx; tÞ,

o

ot
jAj2 þr � jAj2jcðxÞj rS

jrSj

� �
¼ 0: ð2:19Þ
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It can be rewritten in conservative form
o

ot
jAj2 þr � ðjAj2rkHðx;rSÞÞ ¼ 0: ð2:20Þ
The eiconal and transport equations (2.18) and (2.19) can also be derived from (2.15) as follows. In the GO
limit, initial data of form (2.16) implies that
aþð0; x; kÞ ¼ jA0ðxÞj2dðk�rS0ðxÞÞ: ð2:21Þ

Let the functions Sðt; xÞ and jAðt; xÞj2 be the solutions of the eiconal and transport equations (2.18) and (2.19),
respectively, with initial conditions Sð0; xÞ ¼ S0ðxÞ and Að0; xÞ ¼ A0ðxÞ. Then the solution of the Liouville
equation (2.15) is
aþðt; x; kÞ ¼ jAðt; xÞj2dðk�rSðt; xÞÞ: ð2:22Þ

Conversely, given initial conditions of the form (2.21) for (2.15) and aþ by (2.22), S and A must satisfy the
eiconal and transport equations respectively by taking the zeroth and first moments of the Liouville equation
(2.15). This shows that one can recover the WKB approximation from the Liouville equation. However, the
WKB approximation breaks down at caustics, where the velocity rS is discontinuous and the amplitude jAj is
unbounded. Beyond the caustics, a computation based on the eiconal equation and the transport equation
picks up the so-called viscosity solution [12], while the physical GO solution to the eiconal and transport equa-
tions becomes multi-valued [20,42].

The GO approximation is good when � is very small. For moderately small �, diffraction cannot be ignored.
Clearly, the Liouville equation (2.15), valid at � ¼ 0, contains no information about transmission and reflec-
tion—which occur even for � ¼ 0, nor any information about diffraction which occurs for � > 0. It is not valid
at the interface.

In the next section, we will discuss the behavior of waves at curved interfaces.

3. The behavior of waves at an interface

3.1. Transmission and reflection

In GO, when a wave propagates with its energy density governed by the Liouville equation (1.4), its Ham-
iltonian H ¼ cjkj should be preserved across the interface:
Hðcþ; kiÞ ¼ Hðcþ; krÞ ¼ Hðc�; ktÞ; ð3:1Þ

where the superscripts ‘‘�” indicate the one-sided limits of wave speed at the interface, and ki; kr and kt denote
the velocities of incident waves, reflected waves and transmitted waves, respectively. The wave can be partly
reflected and partly transmitted. The condition (3.1) can be used to determine the particle velocity on one side
of the interface from its value on the other side. When a plane wave hits an interface, this condition is equiv-
alent to Snell’s Law of refraction [24]
sin hi

c�
¼ sin ht

cþ
ð3:2Þ
(for a wave hits the interface from the left) and the reflection law
hr ¼ hi; ð3:3Þ

where hi; ht and hr stand for angles of incident, transmitted and reflected waves. The reflection coefficient is
given by (see for example [1,32,39]),
aR
� ¼

c� cos hi � c� cos ht

c� cos hr þ c� cos ht

� �2

; ð3:4Þ
while the transmission coefficient is aT
� ¼ 1� aR

�. Here aR
þ; a

T
þ are for the right moving wave while aR

�; a
T
� are for

the left moving waves.
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3.2. Diffraction

Assume cþ > c�. When a wave hits the interface from the slow medium, there is a critical angle hc at which
the refracted wave is parallel to the interface, namely,
sin hc ¼
c�

cþ
: ð3:5Þ
This critically refracted wave is a surface wave in the fast medium [3,29]. Consequently, it sheds refracted wave
back into the slow medium. These shed waves are diffracted waves, which leave the interface at the critical
angle at every point. Because the shed waves will carry energy, the surface waves will decay exponentially with
the factor b, which is called the attenuation constant. The diffraction coefficient and the attenuation constant
only depend on the local geometry, the relative wave length � and the boundary conditions [30,33,40].

The behavior of the surface wave depends on the local curvature of the interface [7,8]. The local properties
of the interface can be classified into two types:

� Type A interface: an interface convex towards the fast medium.
� Type B interface: an interface convex towards the slow medium.

Below we will only consider the case of cþ > c�. The other case can be obtained by interchanging the Type
A interface with the Type B interface.

3.2.1. The Type A interface

For a Type A interface, a diffracted wave can be produced by the following two ways (see Fig. 1):

(I) An incident wave on the fast medium hits the interface tangentially (like GF). In this case, the incident
wave will produce a surface wave along the fast side of the interface, which is called a ‘‘creeping wave”.
The creeping wave moves along the interface, continuously sheds tangentially diffracted waves into the
fast medium (like BP 6) and critically transmitted waves into the slow medium (like EP 5).

(II) An incident wave on the slow medium hits the interface at a critical angle of incidence (like QB). The
critically incident wave will produce a critically reflected wave back to the slow medium like BP 3, and a
creeping wave on the fast side of the interface, along BCD, which sheds tangentially diffracted waves into
the fast medium, like BP 6, and critically diffracted waves at the critical angle into the slow medium, like
EP 5.

Let �þ denote the relative wavelength in the fast medium. In case I, since the shed waves will carry energy,
the waves will decay exponentially. The attenuation constants is [34],
θ i
θr

θ t

θc θc

c

c−

+

Q

B

D

A

P

incident

transmitted

critically

reflected

incident C

critically
diffracted

E

1

P2

reflected
critically reflected

totally
P3

P4

P5

P6

P7

F
tangentially
incident

G

creeping
tangentially
diffracted

tangentially
diffracted

Fig. 1. Wave reflection, transmission and diffraction at a Type A interface.
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bA1
¼

ffiffiffi
3
p

2
q0

1

2�þ

� �1=3

ðqþ þ 1=aÞ2=3 � qþ þ 1=affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=N 2 � 1

p ð3:6Þ
with q0 	 2:33811 being the smallest positive zero of the Airy function which is given by
Aið�xÞ ¼ 1

p

Z 1

0

cos
1

2
s3 � xs

� �
ds:
N ¼ c�=cþ, q� ¼ jrc�ðxÞj=jc�ðxÞj is the curvature of the diffracted rays at the diffracted point [30], a is the
radius of curvature of the interface at the diffracted point.

In the vicinity of the interface, there exist boundary layers [5]. A boundary layer of thickness Oð�2=3
þ Þ is a

narrow zone through which the waves undergo rapid variations. The diffraction coefficients outside the bound-
ary layer is
aD
Ao

1
¼ p1=2

25=6
½ðqþ þ 1=aÞr
�1=2½ðqþ þ 1=aÞ�þ
1=6 N 2

½Ai0ð�q0Þ

2½1� N 2


; ð3:7Þ
where r is the distance from the diffracted point, Ai0ð�qÞ ¼ 0 is the derivative of the Airy function and the
prime denotes the differentiation with respect to the argument of the Airy function. The diffraction coefficient
aD

Ab
1

in the boundary layer is given by [34]
aD
Ab

1
¼ p

2

j Aið���2=3
þ 21=3ðqþ þ 1=aÞ1=3r þ q0eip=3Þj
½ Ai0ð�q0Þ


2½1=N 2 � 1

: ð3:8Þ
Since the GO limit is not valid at the boundary layer, we cannot directly use aD
Ao

1
. A reasonable choice of aD

A1
is

to match the diffraction coefficients aD
Ao

1
and aD

Ab
1

, which means to find r such that:
aD
Ao

1
¼ aD

Ab
1
:

Namely, we should find the smallest positive solution r0 of the following equation:
s1=2jAið���2=3
þ 21=3ðqþ þ 1=aÞ1=3sþ q0eip=3Þj ¼ p�1=2ðqþ þ 1=aÞ�1=2 2�þ

qþ þ 1=a

� ��1=6

: ð3:9Þ
Then the matched new diffraction coefficient is given by
aD
A1
¼ p1=2ðqþ þ 1=aÞ�1=3

�
1=6
þ

25=6r1=2
0

1

½Ai0ð�q0Þ

2½1=N 2 � 1


: ð3:10Þ
In case II, due to the diffracted waves, the creeping wave decays exponentially along the interface. (We remark
that, if the interface is flat, the diffracted field is present only on the slow side, where it is called a ‘‘lateral
wave” or ‘‘head wave”. The corresponding wave then decays algebraically in distance s like s�3=2.) Let �� de-
note the wavelength in the slow medium, and the wavelength in fast medium is defined by �þ ¼ cþ

c� ��.
For tangentially diffracted wave, the attenuation constant is
bA3
¼ bA2

¼
ffiffiffi
3
p

2
q0

�þ
2

� ��1=3

ðqþ þ 1=aÞ2=3 � ðq
þ þ 1=aÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� N 2
p : ð3:11Þ
For the tangentially diffracted waves outside the boundary layer in the fast medium, the diffraction coefficient is
given by [8]
aD
Ao

2
¼ p

1
3

2
1

12

�þ
r

� �1
4½ðqþ þ 1=aÞr
�

1
2 ðqþ þ 1=aÞ�þð Þ

1
6

N ½1� N 2
�1=4

½Ai0ð�q0Þ

2½1� N 2


: ð3:12Þ
While the diffraction coefficient aD
Ab

2

in the boundary layer is
aD
Ab

2
¼
jAi½ r

�þ
ð2�þ=aÞ

1
3e�ip=3
j

½Ai0ð�q0Þ

2½1� N 2


:
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The matched diffraction coefficient is given by
aD
A2
¼ p

1
3

2
1

12

�þ
r0

� �1
4

½ðqþ þ 1=aÞr0
�
1
2 ðqþ þ 1=aÞ�þð Þ

1
6

N ½1� N 2
�1=4

½Ai0ð�q0Þ

2½1� N 2


ð3:13Þ
with r0 being the smallest positive r such that
aD
Ao

2
ðrÞ ¼ aD

Ab
2
ðrÞ:
For the critically diffracted wave in the slow medium, the diffraction coefficient outside the boundary layer is
given by
aD
Ao

3
¼ 23=2 p��

r

� �1=2

Nð1� N 2Þ�1=2
;

while in the boundary layer, the diffraction coefficient is
aD
Ab

3
¼ jAi½ðr=��Þð2��=aÞ

1
3e�ip=3
j

Aið0Þ :
Then the matched diffracted coefficient is
aD
A3
¼ 2

3
2

p��
r0

� �1=2

Nð1� N 2Þ�1=2
; ð3:14Þ
with r0 is the smallest positive number satisfies
aD
Ao

3
ðrÞ ¼ aD

Ab
3
ðrÞ:
Notice that for a flat interface, if cðxÞ � C1 and cðxÞ � C2, with C1;C2 constants on the two sides of the inter-
face, respectively, then q ¼ 0; a�1 ¼ 0, so the diffraction coefficient vanishes. In this situation the diffraction
term is not of order �1=3, but of order �, which is called ‘‘lateral wave” [3] and will be discussed in another paper.

3.2.2. Type B interfaces

For a Type B interface a diffracted wave can be produced by an incident wave in the following two ways
(see Fig 2):

(I) When an incident wave on the slow medium hits the interface at the critical angle of incidence (like OB).
It will produce a reflected wave (like BP 2), and a surface wave that travels along the fast side of the inter-
face (like BCD), and continually sheds critical diffracted waves ðDP 4Þ into the slow medium.
θ θ θθi r c c

O

A B C D

E
F

P P P

P

P

1 2

4

5

incident

reflected reflected

3

critically reflected totally

critically

tangentially incident

tangentially
diffracted

diffracted

creeping

creeping
θt

P6transmitted

c

c−

+

Fig. 2. Wave reflection, transmission and diffraction at a Type B interface.
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(II) When an incident wave on the slow side hits the interface tangentially (like OF). A surface wave will
propagate along the slow side of the interface (like EF), and continually sheds tangentially diffracted

waves into the slow medium (like FP 5).

In case I, the attenuation constant of the critically diffracted wave in the slow medium is
bB1
¼

ffiffiffi
3
p

2
q0ð2��Þ

�1=3ðq� þ 1=aÞ2=3 � q� þ 1=affiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� N 2
p : ð3:15Þ
The matched diffraction coefficient in this case is
aD
B1
¼ 2

3
2

p��
r0

� �1=2

ð1� N 2Þ�1=2N ; ð3:16Þ
where r0 is the smallest positive solution of the following equation:
2
3
2
��p

r

� �1=2

ð1� N 2Þ�1=2N ¼ jAi½ðr=��Þð2��=aÞ1=3e�ip=3
j
Aið0Þ :
In case II, for the tangentially diffracted wave in the slow medium, the attenuation constant is
bB2
¼

ffiffiffi
3
p

2
q0ð2��Þ

�1=3ðq� þ 1=aÞ2=3 � q� þ 1=affiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� N 2
p ; ð3:17Þ
the matched diffraction coefficient is given by
aD
B2
¼ 2p��

r0

� �1
2 ð1� N 4Þ1=2jAi0ðq0e

2
3ipÞj

½ð1� N 2Þ
1
2 � N 2ð1þ N 2Þ

1
2
Ai0ðq0Þ

� a
6��

� �1
3 jAiðq0e

2
3ipÞj

Ai0ðq0Þ

( )
ð3:18Þ
with r0 is the smallest positive solution of the following equation:
2p��
r

� �1
2 ð1� N 4Þ1=2jAi0ðq0e

2
3ipÞj

½ð1� N 2Þ
1
2 � N 2ð1þ N 2Þ

1
2
Ai0ðq0Þ

� a
6��

� �1
3 jAiðq0e

2
3ipÞj

Ai0ðq0Þ

( )
¼ Ai ��

2
3� r

2

a

� �1
3

e
�i
3 p

" #�����
�����:
3.2.3. A summary on transmission, reflection and diffraction at a curved interface

We next discuss this behavior in more details when a plane incident wave hits a curved interface C (see
Fig. 3).

Firstly, we parameterize the interface in terms of arclength s in the form
x ¼ xðsÞ; y ¼ yðsÞ; sb 6 s 6 se: ð3:19Þ

We choose the arclength to increase with x (in a clockwise direction) and define the angle hðsÞ to be the angle
between the positive x-axis and the normal of a point on the interface.

This definition implies that the local normal nðsÞ and tangent tðsÞ are given directly by
nðsÞ ¼ ðcos hðsÞ; sin hðsÞÞ ð3:20Þ
and
tðsÞ ¼ ð� sin hðsÞ; cos hðsÞÞ; ð3:21Þ

respectively. The radius of curvature aðsÞ is given by
aðsÞ ¼ 1

jh0ðsÞj ¼
1

jx0y00 � x00y 0j : ð3:22Þ
Setting up a local coordinate system ðnðsÞ; tðsÞÞ at the point of the interface, the original particle velocity
k ¼ ðn; gÞt will become k0 ¼ ðn0; g0Þt in this new coordinate system with k0 ¼ QðsÞk where the rotation matrix
QðsÞ is given by



Fig. 3. Two-dimensional interface with irregular points labeled as ‘H’ and ‘V’. The coordinates x0 and y 0 are defined locally at the point P

on the interface.
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Q ¼
cos hðsÞ sin hðsÞ
� sin hðsÞ cos hðsÞ

� �
: ð3:23Þ
Then we can get the transmission and reflection aT
�; a

R
� for the incident wave hitting the interface in this local

coordinate system by the way introduced in the following for a vertical interface, with axis tðsÞ as the interface.
And for the corresponding velocity k0 of the transmitted, reflected and diffracted waves, it can be obtained by
applying the Hamiltonian preserving principle for k0 in the local coordinate system and then transforming
them back to the original system by multiplying Q�1ðsÞ. The new velocity obtained in this way still have a con-
stant Hamiltonian in the original coordinate system because QðsÞ is an orthogonal matrix and jk0j ¼ jkj.

We next discuss this behavior in more details when a plane incident wave hits interface C with a constant
curvature. Again we will only discuss the case cþ > c�.

Let x ¼ ðx; yÞ; k ¼ ðn; gÞt. Firstly, assume the incident wave with a velocity ki ¼ ðni; giÞ
t hits the interface

from the left, slow medium. We will use the Hamiltonian-preserving conditions locally in the direction normal
to the interface as in [21].

In a local coordinate systems, (1.6) implies that g0i is not changed i.e. g0i ¼ g0t, when the wave crosses the
interface, kt ¼ ðnt; gtÞ

t is the velocity of transmitted wave. We introduce
s ¼ c�

cþ

� �2

ðn0iÞ
2 þ c�

cþ

� �2

� 1

� 	
ðg0iÞ

2 ð3:24Þ
which measures the criticality of wave transmission, reflection or diffraction.
If n0i > 0, there are three possibilities:

� s > 0. Note this condition always holds when the wave propagates from the fast to the slow medium. In this

case the wave can be partially transmitted and partially reflected. With reflection coefficient aR
þ ¼

cþci�c�ct
cþciþc�ct

� �2

the wave is reflected with a new velocity ðnr; grÞ
t ¼ Q�1ð�n0i; g

0
iÞ

t, where
ci ¼
jn0ijffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðn0iÞ
2 þ ðg0iÞ

2
q ; ct ¼

jn0tjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn0tÞ

2 þ ðg0tÞ
2

q
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with transmission coefficient aT
þ ¼ 1� aR

þ it will be transmitted with a new velocity ðnt; gtÞ
t ¼ Q�1ðn0t; g0tÞ

t,
where

n0t ¼
ffiffiffi
s
p
;

is obtained using (3.1).
� s < 0. In this case, there is no possibility for the wave to transmit, so the wave will be completely reflected

with velocity ðnr; grÞ.
� s ¼ 0. This is the critical angle.

1. For a Type B interface, there is no possibility for the wave to transmit into the fast medium, instead
there is a partially reflected wave, and a surface wave along the surface of the fast medium, which decays
with rate e�bB1

z, where z is the distance between the diffraction point and the incident point. The surface
wave continuously sheds critically diffracted waves back into the slow media with diffraction coefficient
aD

B1;
.

2. For a Type A interface, there is a partially reflected wave back to the slow medium, and a surface wave
along the surface of the fast medium, which decays with rate e�bA2

z. The creeping wave sheds tangentially
diffracted waves into the fast medium with diffraction coefficient aD

A2
, and sheds critically diffracted waves

into the slow medium with diffraction coefficient aD
A3

.

If n0i ¼ 0, there are two other ways to generate diffracted waves:

� For a Type B interface, the incident wave will hit the interface tangentially and produce creeping waves
propagating along the interface. As such a creeping wave travels along the interface, it continually sheds
tangentially diffracted waves with diffraction coefficient aD

B2
, and decays exponentially with a rate of e�bB2

z.
� For a Type A interface, the incident wave will hit the interface tangentially and produce creeping waves

propagating along the interface. Part of the incident wave will transmit to the slow medium with transmis-
sion coefficient 1� aD

A1
. As such a creeping wave travels along the interface, it continually sheds tangentially

diffracted waves with diffraction coefficient aD
A1

, and decay exponentially with a rate bA1
.

If n0i < 0, the behavior can be analyzed similarly with the reflection coefficient aR
� ¼

c�ct�cþci
c�ctþcþci

� �2

, the

transmission coefficient aT
� ¼ 1� aR

�, and the suitable attenuation constants and diffraction coefficients.

4. Interface conditions that account for transmission, reflection and diffraction

Usually, the solution of the Liouville equation (1.4), which is linearly hyperbolic, can be solved by the
method of characteristics. When transmission and reflection both occur, f needs to be determined from two
bicharacteristics, one accounting for the transmission and the other for reflection. This is how a unique solu-
tion to such a linear hyperbolic PDE with discontinuous and measure-valued coefficients is determined [24,26].
In order to capture the diffraction phenomena, the reflection and transmission terms must be supplemented
with the diffraction term.

We will describe our method in the local coordinate system, and in the case of cþ > c�. Let
s ¼ c�

cþ

� �2

ðn0Þ2 þ c�

cþ

� �2

� 1

� 	
ðg0Þ2: ð4:1Þ
4.1. The Type B interface

We first discuss the Type B interface. For n0 > 0, we use the following partial transmission and reflection
condition at the interface:
f ðt; xþ; n0; g0Þ ¼ aT
þf ðt; x�; n0t; g0tÞ þ aR

þf ðt; xþ;�n0; g0Þ; n0t > 0 ð4:2Þ
with g0t ¼ g0 and n0t obtained from n0 through the constant condition (1.5).
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For n0 < 0, there are three possibilities:

1. if s > 0 (partial reflection and transmission), then
f ðt; x�; n0; g0Þ ¼ aR
�f ðt; x�;�n0; g0Þ þ aT

�f ðt; xþ; n0t; g0tÞ: ð4:3Þ

2. if s < 0 (complete reflection), the interface condition is
f ðt; x�; n0; g0Þ ¼ f ðt;x�;�n0; g0Þ: ð4:4Þ

3. if s ¼ 0 (case I), there will be some diffractions, so the interface condition is
f ðt; x�ðsÞ; n0; g0Þ ¼ aD
B1
ðxðsÞÞ

Z s

sb

aD
B1
ðxðsqÞÞe

�
R s

sq
bB1
ðxðzÞÞdz �

Z
Cq

f ðt ��tq; x
�ðsqÞ; n0q; g0ðn

0
qÞÞdn0q dsq

þ ð1� aD
B1
ðxðsÞÞÞf ðt; x�ðsÞ;�n0; g0Þ; ð4:5Þ
here Cq is the line of critical angle
n0q
g0q
¼ sgnðg0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cþðxðsqÞÞ
c�ðxðsqÞÞ

� �2

� 1

s
: ð4:6Þ
In (4.5), the first term is the critically diffracted wave into the slow medium that was originated from the inci-
dent critical wave from the slow medium, �tq ¼ j

R s
sq

dz
cþðxðzÞÞ j is the average propagation time between the incident

point xðsqÞ and the diffracted point xðsÞ, and ðx�ðsqÞ; n0q; g0ðn
0
qÞÞ are the points and critical angles at which the

surface waves are generated. The second term in (4.5) is the critically reflected wave by the incident critical
wave from the slow medium, where 1� aD

B1
ðxðsÞÞ is the reflection coefficient at critical angle, in this case part

of the waves at this point will become surface waves in the faster medium and diffract into other points, so
1� aD

B1
ðxðsÞÞ is derived by the fact that the reflection term is the difference between the incident wave and

the creeping wave generated from this point.

For notation simplicity, below we will use x to denote xðsÞ and xq to denote xðsqÞ.
If n0 ¼ 0 (case II), there will be some tangentially diffracted waves, so
f ðt; x�; n0; g0Þ ¼ aD
B2
ðxÞ
Z s

sb

aD
B2
ðxqÞe

�
R s

sq
bB2
ðxðzÞÞdz

sgnðg0Þ
Z sgnðg0Þ1

0

f�ðt ��tq; x
�
q ; 0; g

0
qÞdg0q ds

þ ð1� aD
B2
ðxÞÞf�ðt; x�; n0; g0Þ; ð4:7Þ
where �tq ¼ j
R s

sq

dz
c�ðzÞ j is the average time,
f�ðt; x; n0; g0Þ ¼ lim
x!0þ

f ðt; x� xk0; n0; g0Þ:
In this case, the incident wave tangentially hits the interface from the slow side. Part of the incident wave
transforms into the creeping wave with coefficient aD

B2
, and part of the incident wave travels through tangen-

tially with coefficient 1� aD
B2

.

4.2. The Type A interface

Next, we consider a Type A interface. For n0 > 0, it is still the following partial transmission and reflection
condition:
f ðt; xþ; n0; g0Þ ¼ aT
þf ðt; x�; n0t; g0tÞ þ aR

þf ðt; xþ;�n0; g0Þ; n0t > 0: ð4:8Þ
If n0 < 0, there are three possibilities.

1. if s > 0 (partial reflection and transmission), then
f ðt; x�; n0; g0Þ ¼ aR
�f ðt; x�;�n0; g0Þ þ aT

�f ðt; xþ; n0t; g0tÞ: ð4:9Þ
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2. if s < 0 (complete reflection), the interface condition is
f ðt; x�; n0; g0Þ ¼ f ðt; x�;�n0; g0Þ: ð4:10Þ

3. if s ¼ 0 (case II), there will be some diffractions, so the interface condition is
f ðt; x�; n0; g0Þ ¼ aD
A3
ðxÞ
Z s

sb

aD
A3
ðxqÞe

�
R s

sq
bA3
ðxðzÞÞdz

Z
Cq

f ðt ��tq; x
�
q ; n

0
q; g

0
qðn
0
qÞÞdn0q ds

þ ð1� aD
A1
ðxÞÞ

Z s

sb

aD
A1
ðxqÞe

�
R s

sq
bA1
ðxðzÞÞdz

sgnðg0qÞ
Z þ1 sgnðg0qÞ

0

f�ðt ��tq; x
þ
q ; 0; g

0
qÞdg0q ds;

þ 1� aD
A3
ðxÞ

� �
f ðt; x�;�n0; g0Þ: ð4:11Þ
In (4.11), the first term represents the critically diffracted wave into the slow medium that was originated from
the critical incident wave from the slow medium, the second term represents the critically transmitted wave
into the slow medium that was originated from the tangential incident wave from the fast medium, while
the third term represents the critically reflected wave into the slow medium that was originated from the crit-
ical incident wave from the slow medium.

For n0 ¼ 0 (case I),
f ðt; xþ; n0; g0Þ ¼ aD
A1
ðxÞ
Z s

sb

aD
A1
ðxqÞe

�
R s

sq
bA1
ðxðzÞÞdz

sgnðg0qÞ
Z þ1 sgnðg0qÞ

0

f�ðt ��tq; x
þ
q ; 0; g

0
qÞdg0q ds

þ aD
A2
ðxÞ
Z s

sb

aD
A2
ðxqÞe

�
R s

sq
bA2
ðxðzÞÞdz

Z
Cq

f ðt ��tq; x
�
q ; n

0
q; g

0
qðn
0
qÞÞdn0q ds: ð4:12Þ
In (4.12), the first term represents the tangentially diffracted wave originated from the tangentially incident
wave from the fast medium, while the second term represents the tangentially diffractive wave originated from
the critically incident wave from the slow medium. When n0 ¼ 0 the wave hits the interface tangentially from
the fast side of the interface and produces the tangentially diffracted waves with diffraction coefficient aD

A1
and the

critically transmitted waves with transmission coefficient 1� aD
A1

. The velocities in Cq satisfy c�

cþ


 �2ðn0qÞ
2þ

c�

cþ


 �2 � 1
h i

ðg0qÞ
2 ¼ 0.

After getting the interface condition in the local coordinates systems, we use k ¼ ðn; gÞt ¼ Q�1k0 ¼
Q�1ðn0; g0Þt to get the interface condition in the original coordinate systems.

The case c� > cþ can be similarly considered, since in this case one just needs to interchange the Type A
with the Type B interfaces.

The interface condition (4.2)–(4.12) is the main idea in this paper, and will be used in constructing the
numerical flux across the interface in our paper.

5. The numerical scheme

5.1. The numerical flux

Consider the 2D Liouville equation
ft þ
cðx; yÞnffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ g2

q fx þ
cðx; yÞgffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ g2

q fy � cx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ g2

q
fn � cy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ g2

q
fg ¼ 0: ð5:1Þ
Without loss of generality, we employ a uniform mesh with grid points at xiþ1
2
; i ¼ 0; . . . ;M in the x direction,

yjþ1
2
; j ¼ 0; . . . ;N in the y direction, nkþ1

2
; k ¼ 0; . . . ;K in the n direction and glþ1

2
; l ¼ 0; . . . ; L in the g direc-

tion. The cells are centered at ðxi; yj; nk; glÞ with xi ¼ 1
2

xi�1
2
þ xiþ1

2

� �
; yj ¼ 1

2
yj�1

2
þ yjþ1

2

� �
; nk ¼ 1

2
nk�1

2
þ nkþ1

2

� �
;

gl ¼ 1
2

gl�1
2
þ glþ1

2

� �
. The mesh sizes are denoted by Dx ¼ xiþ1

2
� xi�1

2
; Dy ¼ yjþ1

2
� yj�1

2
; Dn ¼ nkþ1

2
� nk�1

2
;

Dg ¼ glþ1
2
� gl�1

2
. Let Dt be the time step, tn ¼ nDt. The cell average of f is defined as
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fijkl ¼
1

DxDyDnDg

Z x
iþ1

2

x
i�1

2

Z y
jþ1

2

y
j�1

2

Z n
kþ1

2

n
k�1

2

Z g
lþ1

2

g
l�1

2

f ðx; y; n; gÞdgdndy dx; ð5:2Þ
while f n
ijkl ¼ fijklðtnÞ.

We approximate cðx; yÞ by a piecewise bilinear function, and always provide two interface values of cðx; yÞ
at each cell interface. Let the cell interface value of cðx; yÞ be c�i�1=2;j ¼ 1

Dy

R yjþ1=2

yj�1=2
cðx�i�1=2; yÞdy, and c�i;j�1=2 defined

similarly. When cðx; yÞ is smooth at a cell interface, the two interface values are identical. We also define the
average wave speed in a cell by averaging the four cell interface values
cij ¼
1

4
ðcþ

i�1
2;j
þ c�iþ1

2;j
þ cþ

i;j�1
2
þ c�i;jþ1

2
Þ:
The 2D Liouville equation (5.1) can be semi-discretized as
ðfijklÞt þ
cijnk

Dx
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2

k þ g2
l

q fiþ1
2;jkl � f þ

i�1
2;jkl

� �
þ cijgl

Dy
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2

k þ g2
l

q fi;jþ1
2;kl � f þ

i;j�1
2;kl

� �

�
ciþ1

2;j
� cþ

i�1
2;j

DxDn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2

k þ g2
l

q
fij;kþ1

2;l
� fij;k�1

2;l

� �
�

ci;jþ1
2
� cþ

i;j�1
2

DyDg

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2

k þ g2
l

q
fijk;lþ1

2
� fijk;l�1

2

� �
¼ 0;
where the numerical fluxes fij;kþ1
2;l

and fijk;lþ1
2

are defined using the upwind discretization. The essential part of
our algorithm is to define the splitting numerical fluxes f �

iþ1
2;jkl
; f �

i;jþ1
2;kj

at each cell interface. We will use the
interface conditions (4.2)–(4.12) to construct these fluxes.

Assume cðx; yÞ is discontinuous at xiþ1
2
, and c�iþ1=2;j < cþiþ1=2;j. Consider the case n0k > 0. The upwind scheme

yields f �
iþ1

2;jkl
¼ fijkl and the interface condition (4.2) gives
f þ
iþ1

2;jkl
¼ aT

þf ðt; xi; yj; nt; gtÞ þ aR
þf ðt; xiþ1; yj; nr; grÞ; ð5:3Þ
where ðn; gÞt ¼ Q�1ðn0; g0Þt; ðnr; grÞ
t ¼ Q�1ð�n0k; g

0
lÞ

t, and n0t is obtained from using g0l ¼ g0t in (3.1) with ðn0; g0Þ in
local coordinate systems. Then transform this interface condition into the original coordinate system ðn; gÞ.
Since ðnt; gtÞ; ðnr; grÞ may not be grid points, we have to define them approximately. One can first locate the
cell centers that bound these velocities, and then use a bilinear interpolation to evaluate the needed numerical
flux at ðnt; gtÞ or ðnr; grÞ.

The case n0k < 0 depends on the specific type of the interface, which we discuss below in details.

5.1.1. The Type B interface
First, f þ

iþ1
2;jkl
¼ fiþ1;jkl by the upwind scheme. Let
siþ1=2;j ¼
c�iþ1=2;j

cþiþ1=2;j

 !2

ðn0kÞ
2 þ

c�iþ1=2;j

cþiþ1=2;j

 !2

� 1

2
4

3
5ðg0lÞ2: ð5:4Þ
We define the numerical flux according to the interface conditions (4.3)–(4.5).

1. If siþ1=2;j > 0, then
f �iþ1
2;jkl ¼ aR

�f ðt; xi; yj; nr; grÞ þ aT
�f ðt; xiþ1; yj; nt; gtÞ; ð5:5Þ

where ðn; gÞt ¼ Q�1ðn0; g0Þt; ðnr; grÞ
t ¼ Q�1ð�n0k; g

0
lÞ

t, and n0t is obtained from (3.1) by setting g0l ¼ g0t.
2. If siþ1=2;j < 0, then
f �iþ1
2;jkl ¼ f ðt; xi; yj; nr; grÞ: ð5:6Þ
3. If siþ1=2;j ¼ 0, then we discretize the arclength s of the interface with sq; q ¼ 0; 1; . . . ;O. Assume that
ðxiþ1

2
; yjÞ ¼ ðxðspÞ; yðspÞÞ and denote f ðt; xiq ; yjq

; n; gÞ by f ðxðsqÞ; n; gÞ. By approximating (4.5) (we only write
the case of n0k > 0, the case of n0k < 0 is similar):
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f �iþ1
2;jklðtÞ ¼ aD

B1
ðxðspÞÞ

Xp

q¼0

aD
B1
ðxðsqÞÞe

�
Pq

j0¼0

bB1
ðxðsj0 ÞÞDsXK

m¼0

f t ��tq; xðsqÞ; nm; gðnmÞ

 �

DsDn

2
64

3
75

þ 1� aD
B1
ðxðspÞÞ

� �
f ðt; xi; yj; nr; grÞ ð5:7Þ
with �tq ¼
Pj

j0¼jq

Ds
cþðsj0 Þ

, and cþðsj0 Þ ¼ cþðxðsj0 Þ; yðsj0 ÞÞ. The critical angles ðn0m; g0ðnmÞÞ in the local coordinate

system satisfy
c�ðsqÞ
cþðsqÞ

� �2

ðn0mÞ
2 þ c�ðsqÞ

cþðsqÞ

� �2

� 1

� 	
ðg0ðn0mÞÞ

2 ¼ 0. Since tn ��tq may not be a grid point in the time

direction, we have to define it approximately. One can first locate the two adjacent discrete time, and then
use a linear interpolation to evaluate the needed numerical density at time tn ��tq. In practical computation,
we need to save the numerical flux at the interface for the previous time steps.

If n0k ¼ 0 (case II, tangent incidence and diffraction), then according to (4.7),
f �iþ1
2;jklðtÞ ¼ aD

B2
ðxðspÞÞ

Xp

q¼0

aD
B2
ðxðsqÞÞe

�
Pq

j0¼0

bB2 ;
ðxðsj0 ÞÞDsXL

c¼0

f�ðt ��tq; xðsqÞ; nm; gcÞ

2
64

3
75DsDg

þ 1� aD
B2
ðxðspÞÞ

� �
f ðt; xi; yj; nr; grÞ ð5:8Þ
with n0m ¼ 0.

5.1.2. The Type A interface

If n0k < 0 and for non-critical angles, the numerical flux f �
iþ1

2;jkl
is defined by (5.5). The difference lies in the case

when the wave hits the interface with the critical or tangent angle of incidence, namely, siþ1=2;j ¼ 0 or n0k ¼ 0.
For a critical angle, by approximating (4.11), we obtain (for the case of g0 > 0),
f �iþ1
2;jklðtÞ ¼ aD

A3
ðxðspÞÞ

Xp

q¼0

aD
A3
ðxðsqÞÞe

�
Pq

j0¼0

bA3
ðxðsj0 ÞÞDsXK

m¼0

f ðt ��tq; xðsqÞ; nm; gðnmÞÞDsDn

2
64

3
75

þ ð1� aD
A1
ðxðspÞÞÞ

Xp

q¼0

aD
A1
ðxðsqÞÞe

�
Pq

j0¼0

bA1
ðxðsj0 ÞÞDsXL

c¼0

f ðt ��tq1
; xðsqÞ; nkm

; gcÞDsDg

2
64

3
75

þ 1� aD
A3
ðxðspÞÞ

� �
f ðt; xi; yj; nr; grÞ ð5:9Þ
with critical angles ðn0m; g0ðn
0
mÞÞ satisfying c�ðsqÞ

cþðsqÞ

� �2

ðn0mÞ
2 þ c�ðsqÞ

cþðsqÞ

� �2

� 1

� 	
ðg0ðn0mÞÞ

2 ¼ 0, and n0km
¼ 0 are the

velocities of the waves in the local coordinate, which hit the interface tangentially from the fast side of the
interface and produces the tangentially diffracted waves and critically transmitted waves.

If n0k ¼ 0 (case I, tangent incidence and diffraction), using interface condition (4.12), we have
f þ
iþ1

2;jkl
ðtÞ ¼ aD

A1
ðxðspÞÞ

Xp

q¼0

aD
A1
ðxðsqÞÞe

�
Pq

j0¼0

bA1
ðxðsj0 ÞÞDsXL

c¼0

f�ðt ��tq1
; xðsqÞ; nkm

; gcÞDsDg

2
64

3
75

þ aD
A2
ðxðspÞÞ

Xp

q¼0

aD
A2
ðxðsqÞÞe

�
Pq

j0¼0

bA2
ðxðsj0 ÞÞDsXK

m¼0

f ðt ��tq; xðsqÞ; nm; gðnmÞÞDsDn

2
64

3
75; ð5:10Þ
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with n0km
¼ 0 and ðn0m; g0ðn

0
mÞÞ satisfy c�

cþ


 �2ðn0mÞ
2 þ c�

cþ


 �2 � 1
h i

ðg0ðn0mÞÞ
2 ¼ 0, where the waves hit the interface

from the slow media with a critical incident angle and produces the critically transmitted wave along the fast
side of the interface, which sheds diffracted waves at every point they passes by.

In the case n0k > 0 and c�iþ1=2;j > cþiþ1=2;j, f þiþ1=2;jkl can be similarly defined for diffraction.

In practical computations, we compute the critical angle by solving n0

g0 ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

cþ
c�


 �2 � 1
q

at the interface. Since
we cannot get n0 ¼ 0 numerically, we use the condition jn0j < r, with the constant r sufficiently small (say
about the mesh size) as the numerical zero, as the condition for tangent angle. In our experiments, when
r < 10�5, the choice of r does not affect the numerical results.
5.2. Approximation along the curved interface

Before discussing the detailed algorithm, let us show how to calculate the quantity along the curved inter-
face. Suppose we have an interface given by a curve C, defined by the equation
F intðx; yÞ ¼ 0:
We classify the grid points into the following categories (see Fig. 2), as done in [21]:

1. Sweep along the horizontal direction for each j and flag the points adjacent to the interface from the right
and the left. These points are called horizontal irregular points and labeled with ‘H’.

2. Sweep along the vertical direction for each i and flag the points which are adjacent to the interface from the
top and the bottom. These points are called vertical irregular points and labeled with ‘V’.

3. All the other points are regular points.

After we determine the irregular points, the cell interface between two horizontally adjacent irregu-
lar points and also two vertically adjacent irregular points can be seen as an approximation to the real
interface curve C. By doing this, we can still assign our averaged wave speed as what we introduce in Section
4.1.

Connecting these two points by a dashed line as in the figure and it must have an intersection with the inter-
face, say P.

The exponential decaying term is evaluated by the following method. The decay factor between the point P

and O is defined by expf�bþðSÞrpOg with S is the point of intersection of mesh line along yjþ1=2 and the inter-

face, and rPO ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxP � xOÞ2 þ ðyP � yOÞ

2
q

is the distance between P ;O. Similarly, �tq between P and O is defined
by rPO=cþðSÞ, here cþðSÞ is the wave speed at point S. The decay rate between the point P and R is defined by
expf�bþðSÞrPO � bþðBÞrORg and the time �tq is rPO=cþðSÞ þ rOR=cþðBÞ.

After getting the coefficients, decay rates and corresponding velocities, we can calculate the splitting numer-
ical fluxes f �iþ1=2;jkl and f �i;jþ1=2;kl by the algorithm in this section. Here effectively we moved P to the nearest
mesh point, resulting an OðDx;DyÞ error. The above techniques can be applied for any interface curve as long
as there is an explicit expression for it.

The detailed algorithm to generate the numerical flux at t ¼ tn is given in the Appendix.
In order to capture the effect of the diffractions, only near the interface the mesh size must be the same order

of the diffracted coefficients (in the numerical examples given in this paper, this means Dx;DyDn;Dg � Oð�1
3Þ).

This means that the computational cost will be more than the Hamiltonian preserving scheme in [26] that cap-
tures only transmissions and reflections.
5.3. Positivity of the numerical scheme

Now we consider the finite difference approach. For simplicity, we only consider the forward Euler scheme
in time. Without loss of generality, we consider the case nk < 0; gl > 0 and c�

iþ1
2;j

P cþ
i�1

2;j
for all i, c�

i;jþ1
2
6 cþ

i;j�1
2

for all j and the point xiþ1
2
; yj is on the Type B interface.

First, for non-critical angles, the scheme is same as the scheme in [26].
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For critical angles, the scheme reads:
f nþ1
ijkl � f n

ijkl

Dt
¼ cijct

Dx
aD

B1;�

X
q;m

aD
B1;�e

�
Pjp

j0¼jq

bB1 ;�ðj
0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dy2þDx2
p

DyDn d1f nq

iq;jq;km;lm
þ d2f nqþ1

iq;jq;km;lm

� �2
664

þ 1� aD
B1;�

� �
b1f n

i;j;k1þ1;l1þ1 þ b2f n
i;j;k1;l1þ1 þ b3f n

i;j;k1;l1
þ b4f n

i;j;k1þ1;l1

� �
� f n

ijkl

3
775

� cijci

Dy
f n

ijkl � f n
i;j�1;kl

� �
þ

ciþ1
2;j
� cþ

i�1
2;j

� �
DxDn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2

k þ g2
l

q
ðf n

ij;kþ1;l � f n
ijklÞ

þ
ci;jþ1

2
� cþ

i;j�1
2

� �
DyDg

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2

k þ g2
l

q
ðf n

ijkl � f n
ijk;l�1Þ;
where d1 þ d2 ¼ 1; b1 þ b2 þ b3 þ b4 ¼ 1 are nonnegative numbers.
Namely,
f nþ1
ijkl ¼ 1� cijk

t
xct � cijk

t
yci �

jciþ1
2;j
� cþ

i�1
2;j
j

Dx
kt

n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2

k þ g2
l

q
�

ci;jþ1
2
� cþ

i;j�1
2

��� ���
Dy

kt
g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2

k þ g2
l

q2
4

3
5f n

ijkl

þ
c�

iþ1
2;j
� cþ

i�1
2;j

��� ���
Dx

kt
n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2

k þ g2
l

q
f n

ij;kþ1;l

þ cijk
t
xcta

D
B1;�

X
q;m

aD
B1;�e

�
Pjp

j0¼jq

bB1 ;�ðj
0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dx2þDy2
p

d1f nq

iq;jq;km;lm
þ d2f nqþ1

iq;jq;km;lm

� �
DyDn

þ cijctk
t
x 1� aD

B1;�

� �
b1f n

i;j;k1þ1;l1þ1 þ b2f n
i;j;k1;l1þ1 þ b3f n

i;j;k1;l1
þ b4f n

i;j;k1þ1;l1

� �

þ cijk
t
ycif

n
i;j�1;kl þ

ci;jþ1
2
� cþ

i;j�1
2

��� ���
Dy

kt
g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2

k þ g2
l

q
f n

ijk;l�1; ð5:11Þ
where kt
x ¼ Dt

Dx ; k
t
y ¼ Dt

Dy ; k
t
n ¼ Dt

Dn ; k
t
g ¼ Dt

Dg.

Now we investigate the positivity of scheme (5.11). This is to prove that if f n
ijkl P 0 for all ði; j; k; lÞ, then this

is also true for f nþ1
ijkl . Clearly one just needs to show that all the coefficients before f n are non-negative. A suf-

ficient condition for this is clearly
1� cijctk
t
x � cijcik

t
y �

ciþ1
2;j
� cþ

i�1
2;j

��� ���
Dx

kt
n þ

ci;jþ1
2
� cþ

i;j�1
2

��� ���
Dy

kt
g

0
@

1
A ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n2
k þ g2

l

q
P 0
or
Dt max
ijkl

cijct

Dx
þ cijci

Dy
þ

ciþ1
2;j
� cþ

i�1
2;j

��� ���
DxDn

þ
ci;jþ1

2
� cþ

i;j�1
2

��� ���
DyDg

0
@

1
A ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n2
k þ g2

l

q2
4

3
5 6 1: ð5:12Þ
The quantity
c

iþ1
2
;j
�cþ

i�1
2
;j

����
����

Dx and
c

i;jþ1
2
�cþ

i;j�1
2

����
����

Dy now represent the wave speed gradients at their smooth points, which
have a finite upper bound if we assume cðxÞ 2 W 1;1. The scheme is positive when a hyperbolic type time step
constraint (5.12) is satisfied.
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6. Numerical examples

In this section we present numerical examples to demonstrate the validity of our scheme and to show the
numerical accuracy. In the numerical computations the second order Runge–Kutta time discretization is used.

Since it is difficult to get the exact solution for this problem, we use the numerical solution with the mesh
size small enough to represent the exact solution. The immersed interface method for the acoustic wave
equations with discontinuous coefficients constructed by Zhang and LeVeque [45] based on the two-dimen-
sional Lax–Wendroff method with space mesh size h ¼ �

20
and Dt ¼ h=2 are used to solve the system (1.1) in

the form
or
ot �rs ¼ 0;

1
cðxÞ2

os
ot � divr ¼ 0

(

with s ¼ ou
ot ; r ¼ ru to get the energy density distribution
Eðx; tÞ ¼ 1

2

1

cðxÞ2
jsj2 þ 1

2
jrj2: ð6:1Þ
The numerical energy density is defined as
E ij ¼
1

2

1

c2
ij
jsijj2 þ

1

2
jrijj2; ð6:2Þ
where
sij ¼
1

DxDy

Z xiþ1=2

xi�1=2

Z yiþ1=2

yi�1=2

sðx; yÞdxdy
and rij can be defined similarly.
The discrete wave equation is quite dispersive [11], so one needs many grid points per wavelength to com-

pute it. The mesh size h ¼ �=20 is the biggest mesh size we can get satisfactory numerical results for the discrete
wave equation.

The limit energy density is the zeroth moment of the density distribution of Liouville equation
Eð0Þðx; y; tÞ ¼
Z Z

f ðx; y; n; g; tÞdgdn:
We use the super computer at the Tsinghua National Laboratory for Information Science and Technology,
which has 512 Itanium 2 64 bit processor. Its peak computational speed is 2:662
 1013, the total EMS
memory is 1024G, and the storage space is 26T.

Since a spherical wave can hit the interface at any incident angle and the diffraction of a spherical wave is
much larger than a plane wave, in following numerical examples, we will choose some spherical waves as the
initial data.

We also need to approximate the delta function initial data of the Liouville equation. We use the product of
a discrete delta function in 1D [15]:
dxðxÞ ¼

1
x ð1� j x

x jÞ; j x
x j 6 1;

0; j x
x j > 1

8><
>: ð6:3Þ
with x ¼ Dn ¼ Dg to regularize the initial data (6.1). (For more recent numerical studies on the approxima-
tions of the delta function, see [41,44].)

Then the energy density distribution are recovered by
E
ð0Þ
ij ¼

X
kl

fijklDnDg: ð6:4Þ
We use the L1-error in the cumulative distribution function (cdf), i.e., the antiderivative of energy density [19]
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Z þ1

�1

Z þ1

�1

Z x

�1

Z y

�1
Eð0Þðs; z; tÞ � Eðs; z; tÞ

 �

dsdz

����
����dxdy; ð6:5Þ
which can be expected to flatten as � is decreased, to measure the weak convergence in the semi-classical limit.
Lemma 2.1 in [4] ensures that (6.5) going to zero is equivalent to the weak convergence of Eð0Þðx; y; tÞ

Below we denote our scheme by GTD, and the method in [26] by GO. The numerical error comes from the
following two parts:

I. The model error: Geometric Theory of Diffraction gives Oð�1=3Þ correction to the zeroth order approx-
imation of the wave equation—the Liouville equation. So the model error between GTD + Liouville
equation is Oð�Þ. In addition, there is also error near caustics introduced by the geometrical optics limit
which cannot be rescued even with the GTD addition. Our approach improved the error of GO near the
interface, but not near caustics.

II. The discrete error of the numerical approximation of the Liouville equation is Oð
ffiffiffiffiffiffi
Dx
p
Þ due to the pres-

ence of discontinuity in f.

The total error is therefore maxð�;
ffiffiffiffiffiffi
Dx
p
Þ. This means that the errors between the GTD and wave equation,

for fixed �, cannot go to 0 once the mesh size is smaller than Oð�4=3Þ.
For related model errors, we also refer to a careful numerical study of the error between a high frequency

wave in random media and its weakly-coupling limit—a radiative transfer equation [2].

Example 6.1. First, we consider the wave equation in 2D with a Type B interface:
o2u
ot2 � cðx; yÞ2Du ¼ 0;

uð0Þ ¼ 4�ei
ðx2þy2Þ

5� �300ðxþ0:3Þ2�300y2
;

ou
ot ð0Þ ¼ 4ei

ðx2þy2Þ
5� �300ðxþ0:3Þ2�300y2

8>>><
>>>:

ð6:6Þ
with
cðx; yÞ ¼
2; F intðx; yÞ > 0;

4; F intðx; yÞ < 0:

�

The interface curve C is given by
F intðx; yÞ ¼ ðx� 1Þ2 þ y2 � 1:
The corresponding Liouville equation is
ft þ
cðx; yÞnffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ g2

q fx þ
cðx; yÞgffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ g2

q fy � cx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ g2

q
fn � cy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ g2

q
fg ¼ 0 ð6:7Þ
with initial data
f ð0; x; vÞ ¼ 8 0:16ðxþ yÞ2 þ 1

cðx; yÞ2

" #
e�600ðxþ0:3Þ2�600y2

d n� 0:4xð Þd g� 0:4yð Þ:
The computational domain is chosen to be ½x; y; n; g
 2 ½�1; 1
 
 ½�1; 1
 
 ½�1; 1
 
 ½�1; 1
. The physically rele-
vant values for the reflection, transmission coefficient aR

�; a
T
� are given by (3.4), and the attenuation constant bB1

and diffraction coefficient aD
B1

are given by (3.15) and (3.16), respectively. The time step is chosen as Dt ¼ 1
4
Dx.

Fig. 4 shows the contour of numerical energy densities Eð0Þ ¼ 0:05 and E ¼ 0:05 at t ¼ 0:1; 0:4 for � ¼ 1=4000.
At t ¼ 0:1, there are only reflected and transmitted waves when waves cross the interface. At t ¼ 0:4, the crit-

ically diffracted waves are generated on the interface, and penetrate into the shadow zone of GO—the zone
which the waves in GO cannot arrive. The wavefront of GTD is very close to the solution of the wave equation,
which shows that GTD can capture the main feature of the diffraction waves, but GO cannot.
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Fig. 4. Example 6.1, contour of energy density E and Eð0Þ at t ¼ 0:1 (top) and 0:4 (bottom). Left: E; middle: Eð0Þ by GTD; right: Eð0Þ by GO.
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Fig. 5 depicts the cross-section of numerical energy densities of E and Eð0Þ for y ¼ 0 and y ¼ 0:6 at t ¼ 0:2,
respectively. One can see that, in the shadow zone (near x ¼ �0:2; y ¼ 0:6), the GO solution deviates from the
solution of the wave equation more than the GTD solution.

Table 1 presents the numerical errors of the numerical energy density Eð0Þ computed with different meshes in
the phase space at t ¼ 0:1; 0:2 and 0.4 with � ¼ 1=4000. The error of GTD is about half of the error of GO
when the mesh size is small, and the GTD approximates better for smaller meshes. This is because the diffrac-
tion phenomena cannot be captured efficiently unless the mesh size is small enough near the interface. The
convergence rate is about first order.

Table 2 shows the error of the numerical energy density Eð0Þ in the shadow zone ð�0:20 < x < 0:1;
jyj > 0:6Þ. The GTD solution is a good approximation to the solution wave equation in the shadow zone.
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Fig. 5. Example 6.1, the cross-sections of energy density with � ¼ 1=4000 at t ¼ 0:2. left, y ¼ 0; right, y ¼ 0:6. The solid lines are E, ‘�’ are
Eð0Þ for GTD, and ‘�’ are Eð0Þ for GO.



Table 1
Errors of Eð0Þ of Example 6.1 for � ¼ 1=4000 on different meshes

Mesh 1002 
 1002 2002 
 2002 4002 
 4002

GTD GO GTD GO GTD GO

t ¼ 0:1 1.0231e�2 1.7023e�2 4.1475e�3 7.9532e�3 2.0332e�3 4.9058e�3
t ¼ 0:2 1.3264e�2 2.2044e�2 5.0341e�3 9.8034e�3 3.0134e�3 6.7352e�3
t ¼ 0:4 2.1341e�2 3.0108e�2 6.6193e�3 1.2945e�2 4.2324e�3 8.0192e�3

Table 2
Errors of Eð0Þ of Example 6.1 for � ¼ 1=4000 in the shadow zone

Mesh 1002 
 1002 (%) 2002 
 2002 (%) 4002 
 4002 (%)

t ¼ 0:1 9 5.1 2.8
t ¼ 0:2 13 7.6 4.1
t ¼ 0:4 17.6 10.2 6.1
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Table 3 presents the errors of the numerical energy density Eð0Þ computed with different meshes in phase
space at t ¼ 0:1; 0:2 and 0:4 with � ¼ 1=100. The wavefronts and cross-section are similar to the case of
� ¼ 1=4000. From the numerical results, one can see that GTD is has smaller error than GO. The accuracy
is not good as in the case � ¼ 1=4000. This is not surprising since the Liouville equation is the limit of the
energy density of wave equation as �! 0. The Liouville equation is much closer to the original problem when
� ¼ 1=4000 than when � ¼ 1=100. Here the main error—the model error which is the difference between the
Liouville equation and the wave equation—contributes to the overall errors in Table 3.

Table 4 shows the errors of the GTD solution with � ¼ 1=100 in the shadow zone.
Table 5 presents the errors of the numerical energy density Eð0Þ computed with different meshes in the phase

space at t ¼ 0:1; 0:2 and 0:4 with � ¼ 1=10; 000. Because the contours and cross-section are similar to the case
Table 3
Errors of Eð0Þ of Example 6.1 for � ¼ 1=100 on different meshes

Mesh 1002 
 1002 2002 
 2002 4002 
 4002

GTD GO GTD GO GTD GO

t ¼ 0:1 4.2025e�2 5.3112e�2 2.3106e�2 2.7034e�2 9.8915e�3 1.3633e�2
t ¼ 0:2 5.3026e�2 5.8054e�2 2.6074e�2 3.1348e�2 1.3015e�2 1.6026e�2
t ¼ 0:4 6.7254e�2 7.4029e�2 3.4068e�2 3.7892e�2 1.6864e�2 1.9891e�2

Table 4
Errors of Eð0Þ of Example 6.1 for � ¼ 1=100 in the shadow zones

Mesh 1002 
 1002 (%) 2002 
 2002 (%) 4002 
 4002 (%)

t ¼ 0:1 16 10 7.9
t ¼ 0:2 19.1 14.6 12.9
t ¼ 0:4 24 18.9 16.4

Table 5
Errors of Eð0Þ of Example 6.1 for � ¼ 1=10; 000 on different meshes

Mesh 1002 
 1002 2002 
 2002 4002 
 4002

GTD GO GTD GO GTD GO

t ¼ 0:1 1.0028e�2 1.5625e�2 3.8054e�3 7.7034e�3 1.3962e�3 3.8368e�3
t ¼ 0:2 1.4144e�2 1.7846e�2 4.5656e�3 7.9795e�3 1.7084e�3 4.2396e�3
t ¼ 0:4 1.9052e�2 2.5542e�2 6.8032e�3 1.0345e�2 2.4145e�3 5.8347e�3
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of � ¼ 1=4000, we omit it. It shows that GTD has smaller errors than GO, but the error of the two method is of
the same order. This is partly due to the fact that in this example, the wavelength is very small, so the Liouville
equation is a good approximation to the wave equation. From the Geometric Theory of Diffraction, when the
wavelength is very small, the diffracted wave, which is of Oð�1=3Þ compared to the incident wave, becomes very
weak and decays very fast, and eventually vanishes when �! 0. As we mention before, we only improve the
errors at the interface, and do not improve the errors for the caustics. So there is no big difference between
GTD and GO in terms of errors to the wave equation. The convergence rate is of first order.

Table 6 is the errors of GTD solutions for � ¼ 1=10; 000 in the shadow region.
The solution of GTD and GO depend on wavelength �. Fig. 6 gives the relation between the error of GTD

and GO and the wavelength at t ¼ 0:2. One can see that the error of solution of GO is near Oð�1=3Þ, and the
error of GTD is near Oð�2=3Þ when � is small enough. This is because the diffracted waves decay exponentially,
and away from the interface the diffracted waves are very small. Another reason for the error is Oð�2=3Þ, not
Oð�Þ is that the discrete error of the numerical approximation of the Liouville equation is of OðDxÞ, which is
larger than the model error.

Example 6.2. Consider the wave equation in 2D with a Type B interface:
Table
Errors

Mesh

t ¼ 0:1
t ¼ 0:2
t ¼ 0:4
o2u
ot2 � cðx; yÞ2Du ¼ 0;

uð0Þ ¼ 8�ei
ðx2þy2Þ

5� �200ðxþ0:2Þ2�200y2
;

ou
ot ð0Þ ¼ 8ei

ðx2þy2Þ
5� �200ðxþ0:2Þ2�200y2

8>>><
>>>:

ð6:8Þ
with � ¼ 1=3000, and
cðx; yÞ ¼ 2ð1� xÞ2; F intðx; yÞ > 0;

3ðxþ 1Þ2; F intðx; yÞ < 0:

(

The interface curve C is given by
F intðx; yÞ ¼ ðx� 2Þ2 þ y2 � 4:
6
of Eð0Þ of Example 6.1 for � ¼ 1=10; 000 in the shadow zones
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Fig. 6. Relation between log2E and log2�, E is the errors.
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The corresponding Liouville equation is (6.7) with initial data
0.2

0.4

0.6

0.8

1

0

0.2

0.4

0.6

0.8

1

0

Fig. 7.
f ð0; x; vÞ ¼ 32 0:16ðxþ yÞ2 þ 1

cðx; yÞ2

" #
e�400ðxþ0:2Þ2�400y2

dðn� 0:4xÞdðg� 0:4xÞ:
The computational domain is chosen to be ½x; y; n; g
 2 ½�1; 1
 
 ½�1; 1
 
 ½�1; 1
 
 ½�1; 1
. The physically rel-
evant values for the reflection, transmission coefficient aR

�; a
T
� are given by (3.4), and the attenuation constant

bB1
is given by (3.15), bB2

is given by (3.17), the diffraction coefficient aD
B1

is given by (3.16), and aD
B2

is given by
(3.18). The time step is chosen as Dt ¼ 1

4
Dx.

Fig. 7 shows the contour of numerical energy densities Eð0Þ ¼ 0:05 and E ¼ 0:05 at t ¼ 0:15; 0:4. At time
0.15, there are only incident, reflected and transmitted waves. At time 0.4, there are critically diffracted waves

and tangentially diffracted waves near the interface. The critically diffracted wave arrives firstly at the shadow
zone because it travels along the surface of the fast medium, and the tangentially diffracted wave travels along
the surface of the slow medium for a Type B interface.

Fig. 8 depicts the cross-section of the numerical energy densities of E and Eð0Þ for y ¼ 0 and y ¼ 0:6 at
t ¼ 0:25, respectively. In the shadow zone (near x ¼ 0; y ¼ 0:6) GTD matches the solution of the wave equa-
tion much better than the GO.

Table 7 presents the errors of the numerical energy density Eð0Þ computed with different meshes in phase
space at t ¼ 0:1; 0:25 and 0:5.

Table 8 is the errors of the GTD solution in the shadow zones ðjxj 6 0:2; jyjP 0:6Þ. The GTD solution is a
good approximation to the solution wave equation in the shadow zones.

Example 6.3. Consider the 2D wave equation with a Type A interface:
o2u
ot2 � cðx; yÞ2Du ¼ 0;

uð0Þ ¼ 4�eix
2þy2

4� �200ðxþ0:1Þ2�200y2
;

ou
ot ð0Þ ¼ 4eix

2þy2

4� �200ðxþ0:1Þ2�200y2

8>>><
>>>:

ð6:9Þ
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Example 6.2, contour of energy density E and Eð0Þ at t ¼ 0:15 (top) and 0:4 (bottom). Left: E; middle: Eð0Þ by GTD; right: Eð0Þ by GO.
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Fig. 8. Example 6.2, cross-section of energy density at t ¼ 0:25. left, y ¼ 0; right, y ¼ 0:6. The solid lines are E, ‘�’ are Eð0Þ for GTD, and
‘�’ are Eð0Þ for GO.

Table 7
Errors of Eð0Þ of Example 6.2 for � ¼ 1=3000 on different meshes

Mesh 1002 
 1002 2002 
 2002 4002 
 4002

GTD GO GTD GO GTD GO

t ¼ 0:1 1.3362e�2 2.0347e�2 4.9452e�3 9.4134e�3 2.4549e�3 5.4152e�3
t ¼ 0:25 1.8864e�2 3.0707e�2 6.1103e�3 1.2215e�2 3.0446e�3 6.7035e�3
t ¼ 0:5 2.5709e�2 4.1229e�2 9.4044e�3 1.6084e�2 4.8087e�3 9.8704e�3

Table 8
Errors of Eð0Þ of Example 6.2 for � ¼ 1=3000 in the shadow zones

Mesh 1002 
 1002 (%) 2002 
 2002 (%) 4002 
 4002 (%)

t ¼ 0:1 11.1 7.2 4.1
t ¼ 0:25 15.3 10.4 5.3
t ¼ 0:5 20 14.5 7.6
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with � ¼ 1=2500 and
cðx; yÞ ¼ 2ðx� 1Þ2 þ 2ðy � 1Þ2; F intðx; yÞ < 0;

2ðxþ 2Þ2 þ 2ðy � 1Þ2; F intðx; yÞ > 0:

(

The interface curve C is given by
F intðx; yÞ ¼ ðxþ 2:8Þ2 þ y2 � 8:84:
The corresponding Liouville equation is (6.7) with initial data
f ð0; x; vÞ ¼ 8 0:16ðxþ yÞ2 þ 1

cðx; yÞ2

" #
e�400ðxþ0:1Þ2�400y2

d n� x
2

� �
dðg� y

2
Þ:
In this example, the wave speed cðxÞ depends on x and y. The computational domain is chosen to be
½x; y; n; g
 2 ½�0:4; 0:4
 
 ½�0:4; 0:4
 
 ½�0:4; 0:4
 
 ½�0:4; 0:4
. The physically relevant values for the reflection,
transmission coefficient aR

�; a
T
� are given by (3.4), and the attenuation constant bA1

is given by (3.6), bA2
; bA3

; is
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given by (3.11), the diffraction coefficient aD
A1

, aD
A2

and aD
A3

are given by (3.7), (3.13) and (3.14), respectively. The
time step is chosen as Dt ¼ 1

4
Dx.

Fig. 9 shows the contour of numerical energy densities Eð0Þ ¼ 0:05 and E ¼ 0:05 at t ¼ 0:15; 0:25. At time
0.15, there is no diffracted wave at the interface. But at time 0.25, there are diffracted waves at both sides of the
interface because there will be critically diffracted wave in the slow medium and tangentially diffracted wave in
the fast medium for a Type A interface.

Fig. 10 depicts the cross-section of numerical energy densities of E and Eð0Þ for y ¼ 0 and y ¼ 0:32 at
t ¼ 0:25, respectively. In the shadow zone (near x ¼ 0:04; y ¼ 0:32) GTD matches the solution of the wave
equation much better than the GO.
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Fig. 9. Example 6.3, contour of energy density E and Eð0Þ at t ¼ 0:1 (top) and 0:25 (bottom). Left: E; middle: Eð0Þ by GTD; right: Eð0Þ by GO.
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Table 9
Errors of Eð0Þ of Example 6.3 on different meshes

Mesh 1002 
 1002 2002 
 2002 4002 
 4002

GTD GO GTD GO GTD GO

t ¼ 0:1 1.4311e�2 2.4474e�2 7.2045e�3 1.1748e�2 3.5697e�3 6.8014e�3
t ¼ 0:15 1.8303e�2 3.1422e�2 8.2147e�3 1.4894e�2 4.0181e�3 7.8085e�3
t=0.25 2.7733e�2 4.0163e�2 9.0408e�3 1.8844e�2 4.5164e�3 9.8143e�3

Table 10
Relative l1 error of Eð0Þ for Example 6.3 in the shadow zones

Mesh 1002 
 1002 (%) 2002 
 2002 (%) 4002 
 4002 (%)

t ¼ 0:1 11.2 8 4.8
t ¼ 0:15 15.4 11.5 6.2
t ¼ 0:25 20.8 15.4 8.9
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Table 9 shows the errors of the numerical energy density Eð0Þ computed with different meshes in phase space
at t ¼ 0:1; 0:15 and 0.25. The convergence rate of GTD is of first order.

Table 10 presents the errors of the numerical energy density Eð0Þ in the shadow region (jxj 6 0:12; jyjP 0:3).

Remark 1. The typical wave length of visible lights is 400–700 nm, or in the order of 10�6 m. To simulate such
a high frequency wave in a domain of 1 m requires at least Oð106Þmesh points per spatial dimension. It means
Oð106Þ meshes in one space dimension, Oð1012Þ meshes in two space dimension and Oð1018Þ meshes in three
dimension. This is simply impossible for today’s computational equipments. On the other hand, by using the
Liouville equation, although the dimension is doubled, even to resolve the diffraction which is of
Oð�1=3Þ ¼ Oð10�2Þ, one needs Oð108Þ meshes in two space dimension (four dimension in the phase space)
and Oð1012Þ meshes in three space dimension (six dimension in the phase space). This is a tremendous saving
compared to the full simulation based on the original wave equation. Moreover, since the diffraction
phenomenon needs to be captured only near the interface, one could use much coarser ðOð1ÞÞ meshes away
from the interfaces which will result in a much more significant saving. Thus double the dimension using the
Liouville equation provides a much more efficient approach to high frequency waves when the frequency is
very high.
7. Conclusion

In this paper, we extend the previous Liouville equation based numerical method in [26] for the simulation
of high frequency waves through curved interfaces. The new contribution is to build into the numerical flux
the diffraction terms derived from Geometric Theory of Diffraction. Our scheme can effectively compute the
diffraction phenomena through curved interfaces, which are generated by the surface waves in addition to par-
tial transmissions and reflections. Numerical experiments show indeed that the diffraction can be captured
without resolving the full wavelength of the original wave equation.

In the future we will extend this scheme to other types of interfaces and edges. Another project is to develop
an adaptive mesh method that combines a finer mesh near the interface to capture diffraction with a coarser
mesh away from the interface, which will reduce the computation cost greatly.
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Appendix. The detailed algorithm

Firstly, find C� ¼ ði; j; k; lÞ
c�

iþ1=2;j

c�
iþ1=2;j

� �2

ðn0kÞ
2 þ

c�
iþ1=2;j

c�
iþ1=2;j

� �2

� 1

" #
ðg0lÞ

2

�����
����� < r

�����
)(

, for r sufficiently small, as the

sets of critical angles for c�iþ1=2;j < cþiþ1=2;j (C�) and cþiþ1=2;j < c�iþ1=2;j (Cþ), respectively, and T ¼ fk j n0k ¼ 0g,
the sets of tangentially incident angle. Then the interface is described parametrically in terms of arclength s

in the form
x ¼ xðsÞ; y ¼ yðsÞ:

For point ðxi; yjÞ ¼ ðxðspÞ; yðspÞÞ, the radius of curvature aðspÞ is given by
aðspÞ ¼ aðxiþ1=2; yjÞ ¼
1

jx0ðspÞy00ðspÞ � x00ðspÞy 0ðspÞj
:

One can approximate x0ðsÞ; x00ðsÞ or evaluate them exactly. N� ¼
c�

iþ1=2;j

c�
iþ1=2;j

.
The rotation matrix QðspÞ ¼ Qðxiþ1=2; yjÞ is given by
QðspÞ ¼
y0ðspÞ �x0ðspÞ
x0ðspÞ y0ðspÞ

� �
:

� if n0k > 0,
f �iþ1
2;jkl ¼ fijkl; ðnr; grÞ

t ¼ Q�1ðspÞð�n0k; g
0Þt:
þ
 !2 þ

 !2
2 3
€ let sþ ¼
c

iþ1
2
;j

c�
iþ1

2
;j

ðn0kÞ
2 þ

c
iþ1

2
;j

c�
iþ1

2
;j

� 14 5ðg0lÞ2, if sþ > r (partial transmission and reflection),

n0t ¼
ffiffiffiffiffi
sþ
p

; g0t ¼ g0l; ðn; gÞ
t ¼ Q�1ðspÞðn0; g0Þt:

| if nk0 6 nt < nk0þ1 for some k0, gl0 6 gt < gl0þ1 for some l0, nk1
6 nr < nk1þ1 for some k1, and gl1

6 gr <
gl1þ1 for some l1,

ci ¼
jn0kjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðn0kÞ
2 þ ðg0lÞ

2
q ; ct ¼

jn0tjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn0kÞ

2 þ ðg0lÞ
2

q ;

aR
þ ¼

cþ
iþ1

2;j
ct � c�

iþ1
2;j

ci

cþ
iþ1

2;j
ct þ c�

iþ1
2;j

ci

 !
; aT

þ ¼ 1� aR
þ;

f þ
iþ1

2;jkl
¼ aT

þ
ðnk0þ1 � ntÞðgl0þ1 � gtÞ

DnDg
fij;k0;l0 þ
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DnDg

fij;k0;l0þ1

�

þðnt � nk0 Þðgt � gl0 Þ
DnDg
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ðnt � nk0 Þðgl0þ1 � gtÞ

DnDg
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�

þ aR
þ
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þ
ðnk1þ1 � nrÞðgr � gl1

Þ
DnDg
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�
:

| end
€ if c�iþ1=2;j > cþiþ1=2;j, for a Type A interface, jsþj < r (case II, critical diffraction), �tq ¼

Pjp

j0¼jq

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dx2þDy2
p

c�ðj0Þ ,

tnq 6 tq ¼ tn ��tq 6 tnqþ1 for some nq, �tq0 ¼
Pjp

j0¼j0q

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dx2þDy2
p

c�ðj0Þ , and tnq0 6 tq0 ¼ tn ��tq0 6 tnq0 þ1 for some nq0 ,
n0t ¼
ffiffiffiffiffi
sþ
p

¼ 0; g0t ¼ g0; ðnt; gtÞ
t ¼ Q�1ðspÞð0; g0Þt:

€ if nk1
6 nr < nk1þ1 for some k1, and gl1

6 gr < gl1þ1 for some l1,
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qþij ¼
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Dt

� �
f nq

iqþ1;jq;km;lm
þ tq � tnq

Dt

� �
f nqþ1

iqþ1;jq;km;lm

� 


þ ð1� aD
A1;�ðijÞÞ

X
q0 ;m0

aD
A1;�ðiq0 ; jq0 Þe

�
Pjp

j0¼jq0

bA1 ;�ðsj0 Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dx2þDy2
p


 DyDn
tnq0 þ1 � tq0

Dt

� �
f

nq0
iq0 ;jq0 ;km0 ;lm0 ;� þ

tq0 � tnq0

Dt

� �
f

nq0 þ1

iq0 ;jq0 ;km0 ;lm0 ;�

� 


þ 1� aD
A3;þðijÞ

� � ðnr � nk1
Þðgr � gl1

Þ
DnDg

fiþ1;j;k1þ1;l1þ1

�
þ
ðnk1þ1 � nrÞðgr � gl1

Þ
DnDg

fiþ1;j;k1;l1þ1

þ
ðnk1þ1 � nrÞðgl1þ1 � grÞ

DnDg
fiþ1;j;k1;l1

þ
ðnr � nk1

Þðgl1þ1 � grÞ
DnDg

fiþ1;j;k1þ1;l1

�
;

where ðiq; jq; km; lmÞ 2 Cþ, and e
�
Pjp

j0¼jq
bA3 ;þðsj0 Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dy2þDx2
p

P r,km0 2 T , and e
�
Pjp

j0¼jq0
bA1 ;�ðsj0 Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dy2þDx2
p

P r.
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| if nk0 6 nt < nk0þ1 for some k0, gl0 6 gt < gl0þ1 for some l0,
aD
A2;�ðijÞ ¼

p
1
3

2
1

12

�
5

12�r
�3

4
ij q�ij þ

1

a

� ��1
3 N�
½Ai0ð�q0Þ


2
½N 2
� � 1
�

5
4

with rij the smallest positive number r satisfying

Ai ��
2
3� r

2

a

� �1
3

e�
i
3p

" #�����
����� ¼ p

1
3

2
1

12

�
5

12�r�
3
4 q�ij þ

1

a

� �	�1
3

N�½N 2
� � 1
�

1
4;

f �iþ1
2;jkl;þðt

nÞ ¼ aD
A1;�ðijÞ

X
q0 ;m0

aD
A1;�ðiq0 ; jq0 Þe

�
Pjp

j0¼jq0

bA1 ;�ðsj0 Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dy2þDx2
p


 DyDn
tnq0 þ1 � tq0

Dt

� �
f

nq0
iq0 ;jq0 ;km0 ;lm0 ;� þ

tq0 � tnq0

Dt

� �
f

nq0 þ1

iq0 ;jq0 ;km0 ;lm0 ;�

� 


þ aD
A2;�ðijÞ

X
q;r

aD
A2;�ðiq; jqÞe

�
Pjp

j0¼jq

bA2 ;þðsj0 Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dy2þDx2
p

DyDg
tnqþ1 � tq

Dt

� �
f nq

iqþ1;jq;kr ;lr
þ tq � tnq

Dt

� �
f nqþ1

iqþ1;jq;kr ;lr

� 

;ffiffiffiffiffiffiffiffiffiffiffiffiffip P ffiffiffiffiffiffiffiffiffiffiffiffiffip
where ðiq; jq; kr; lrÞ 2 Cþ, km0 2 T , e
�
Pjp

j0¼jq
bA2 ;þðsj0 Þ Dy2þDx2

P r, and e
�

jp
j0¼jq0

bA1 ;�ðsj0 Þ Dy2þDx2

P r.

| end
€ if c�iþ1=2;j > cþiþ1=2;j, for a Type B interface, jsþj < r (case I, critical diffraction), �tq ¼

Pjp

j0¼jq

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dx2þDy2
p

c�ðsj0 Þ
,

tnq 6 tq ¼ tn ��tq 6 tnqþ1 for some nq, nk1
6 nr < nk1þ1 for some k1, and gl1

6 gr < gl1þ1 for some l1,
bij
B1;þ ¼

ffiffiffi
3
p

2
q0ð2Nþ�þÞ�1=3 1

a
þ qþij

� ��2=3

�
1=aþ qþijffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� N 2
þ

q ;

aD
B1;þðijÞ ¼ 2

3
2p

1
2
�þ
rij

� �1
2 Nþ

ð1� N 2
þÞ

1
2

with rij the smallest positive number r satisfying
23=2 p�þ
r

� � Nþ
ð1� N 2

þÞ
1=2
¼

Ai ��2=3
þ rð2=aþ qþij Þ

1
3e�ip=3

h i��� ���
Aið0Þ ;

f þ
iþ1

2;jkl
ðtnÞ ¼ aD

B1;þðijÞ
X

q;r

aD
B1;þðiq; jqÞe

�
Pjp

j0¼jq

bB1 ;þðsj0 Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dy2þDx2
p


 DyDg
tnqþ1 � tq

Dt

� �
f nq

iqþ1;jq;kr ;lr
þ tq � tnq

Dt

� �
f nqþ1

iqþ1;jq;kr ;lr

� 


þ 1� aD
B1;þðijÞ

� � ðnr � nk1
Þðgr � gl1

Þ
DnDg

fiþ1;j;k1þ1;l1þ1

�
þ
ðnk1þ1 � nrÞðgr � gl1

Þ
DnDg

fiþ1;j;k1;l1þ1

þ
ðnk1þ1 � nrÞðgl1þ1 � grÞ

DnDg
fiþ1;j;k1;l1

þ
ðnr � nk1

Þðgl1þ1 � grÞ
DnDg

fiþ1;j;k1þ1;l1

�
;

where ðiq; jq; kr; lrÞ 2 Cþ, and e
�
Pjp

j0¼jq
bB1 ;þðsj0 Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dy2þDx2
p

P r.

€ else
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f þ
iþ1

2;jkl
¼
ðnk1þ1 � nrÞðgl1þ1 � g1�Þ

DnDg
fiþ1;j;k1;l1

þ
ðnk1þ1 � nrÞðgr � gl1

Þ
DnDg

fiþ1;j;k1;l1þ1

�

þ
ðnr � nk1

Þðgr � gl1
Þ

DnDg
fiþ1;j;k1þ1;l1þ1 þ

ðnr � nk1
Þðgl1þ1 � grÞ

DnDg
fiþ1;j;k1þ1;l1

�
with nk1

6 nr < nk1þ1 for some k1, and gl1
6 gr < gl1þ1 for some l1.
€ end
if n0k ¼ 0 (tangent diffraction),
for a Type A interface (case I), if c�iþ1=2;j < cþiþ1=2;j, nk0 6 nt < nk0þ1 for some k0, gl0 6 gt < gl0þ1 for some l0ffiffiffip

bij

A1;þ ¼
3

2
q0ð2�þÞ

�1=3 1

a
þ qþij

� ��2=3

�
1=aþ qþijffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

N 2
þ � 1

q ;

aD
A1;þðijÞ ¼

p1=2ð�þÞ
1
6 qþij þ 1=a
� ��1=3

25=6r1=2
ij

1

½Ai0ð�q0Þ

2½N 2

þ � 1

;

with rij the smallest positive number r satisfying

r
1
2 Ai �2

1
3�

2
3
þ qþij þ

1

a

� �1
3

r þ q0e
i
3p

 !�����
����� ¼ 2

1
6�

1
6
þ qþij þ

1

a

� ��1=3

and

bij
A2;� ¼

ffiffiffi
3
p

2
q0ð2N���Þ�1=3 1

a
þ q�ij

� ��2=3

�
1=aþ q�ijffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� N 2
�

q ;

aD
A2;þðijÞ ¼

p
1
3

2
1

12

�
5

12
þr
�3

4
ij qþij þ

1

a

� ��1
3 Nþ
½Ai0ð�q0Þ


2
½N 2
þ � 1
�

5
4

with rij the smallest positive number r satisfying

Ai �
�2

3
þ r

2

a

� �1
3

e�
i
3p

" #����� ¼ p
1
3

2
1

12

�
5

12
þr�

3
4 qþij þ

1

a

� ��1
3

Nþ½N 2
þ � 1
�

1
4;

������

f þ
iþ1

2;jkl;þðt
nÞ ¼ aD

A1;þðijÞ
X
q;m

aD
A1;þðiq; jqÞe

�
Pjp

j0¼jq

bA1 ;þðsj0 Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dy2þDx2
p


 DyDn
tnqþ1 � tq

Dt

� �
f nq

iqþ1;jq;km;lm;� þ
tq � tnq

Dt

� �
f nqþ1

iqþ1;jq;km;lm;�

� 


þ aD
A2;þðijÞ

X
q0 ;m0

aD
A2;þðiq0 ; jq0 Þe

�
Pjp

j0¼jq0

bA2 ;�ðsj0 Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dy2þDx2
p


 tnq0 þ1 � tq0

Dt

� �
f

nq0
iq0 ;jq0 ;km0 ;lm0

þ tq0 � tnq0

Dt

� �
f

nq0þ1

iq0 ;jq0 ;km0 ;lm0

� 

;

where ðiq0 ; jq0 ; km0 ; lm0 Þ 2 C�, km 2 Tþ, e
�
Pjp

j0¼jq0
bA2 ;�ðsj0 Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dy2þDx2
p

P r, and e
�
Pjp

j0¼jq
bA1 ;þðsj0 Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dy2þDx2
p

P r.
€ for a Type B interface, if c�iþ1=2;j > cþiþ1=2;j (case II),ffiffiffip

bij

B2;þ ¼
3

2
q0ð

1

2�þ
Þ1=3ðqþij þ 1=aÞ2=3 �

qþij þ 1=affiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� N 2

þ

q ;

aD
B2;þðijÞ ¼

2p�þ
rij

� �1
2 ð1� N 4

þÞ
1=2jAi0ðq0e

2
3ipÞj

ð1� N 2
þÞ

1
2 � N 2

þð1þ N 2
þÞ

1
2

h i
Ai0ðq0Þ

� a
6�þ

� �1
3 j Aiðq0e

2
3ipÞj

Ai0ðq0Þ

8<
:

9=
;
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with rij the smallest positive number r satisfying

Ai �
�2

3
þ r

2

a

� �1
3

e�
i
3p

" #�����
����� ¼ 2p�þ

r

� �1
2 ð1� N 4

þÞ
1=2 Ai0 q0e

2
3ip

� ���� ���
ð1� N 2

þÞ
1
2 � N 2

þð1þ N 2
þÞ

1
2

h i
Ai0ðq0Þ

� a
6�þ

� �1
3 Aiðq0e

2
3ipÞ

�� ��
Ai0ðq0Þ

8<
:

9=
;;

f þ
iþ1

2;jkl;þðt
nÞ ¼ aD

B2;þðijÞ
X

q;r

aD
B2;þðiq; jqÞe

�
Pjp

j0¼jq

bB2 ;þðsj0 Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dy2þDx2
p


 tnqþ1 � tq

Dt

� �
f nq

iqþ1;jq;kr ;lr ;� þ
tq � tnq

Dt

� �
f nqþ1

iqþ1;jq;kr ;lr ;�

� 

þ 1� aD

B2;þðijÞ
� �

fiþ1;jkl;�;ffiffiffiffiffiffiffiffiffiffiffiffiffip

kr 2 T þ, e

�
Pjp

j0¼jq
bB2 ;þðsj0 Þ Dy2þDx2

P r,
� if n0k < 0,
f þ
iþ1

2;jkl
¼ fiþ1;jkl; ðnr; glr

Þt ¼ Q�1ðspÞð�n0k; g
0Þt;

€ let s� ¼
c�

iþ1
2
;j

cþ
iþ1

2
;j

 !2

ðn0kÞ
2 þ

c�
iþ1

2
;j

cþ
iþ1

2
;j

 !2

� 1

2
4

3
5ðg0lÞ2, if s� P r (partial transmission and reflection),

n0t ¼ �
ffiffiffiffiffi
s�
p

:

| if nk0 6 nt < nk0þ1 for some k0, gl0 6 gt < gl0þ1 for some l0, nk1
6 nr < nk1þ1 for some k1, and

gl1
6 gr < gl1þ1 for some l1,

ct ¼
jn0tjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðn0tÞ
2 þ ðg0lÞ

2
q ; ci ¼

jn0kjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn0kÞ

2 þ ðg0lÞ
2

q ;

aR
� ¼

c�
iþ1

2;j
ct � cþ

iþ1
2;j

ci

c�
iþ1

2;j
ct þ cþ

iþ1
2;j

ci

 !
; aT

� ¼ 1� aR
�;

f �iþ1
2;jkl ¼ aT

�
ðnk0þ1 � ntÞðgl0þ1 � gtÞ

DnDg
fiþ1;j;k0 ;l0 þ

ðnk0þ1 � ntÞðgt � gl0 Þ
DnDg

fiþ1;j;k0 ;l0þ1

�

þðnt � nk0 Þðgt � gl0 Þ
DnDg

fiþ1;j;k0þ1;l0þ1 þ
ðnt � nk0 Þðgl0þ1 � gtÞ

DnDg
fiþ1;j;k0þ1;l0

�

þ aR
�
ðnk1þ1 � nrÞðgl1þ1 � grÞ

DnDg
fij;k1;l1

þ
ðnk1þ1 � nrÞðgr � gl1

Þ
DnDg

fij;k1;l1þ1

�

þ
ðnr � nk1

Þðgr � gl1
Þ

DnDg
fij;k1þ1;l1þ1 þ

ðnr � nk1
Þðgl1þ1 � grÞ

DnDg
fij;k1þ1;l1

�
:

| end
€ if c�iþ1=2;j < cþiþ1=2;j, for a Type A interface, js�j < r (case II, critical diffraction), �tq ¼

Pjp

j0¼jq

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dx2þDy2
p

cþðsj0 Þ
,

tnq 6 tq ¼ tn ��tq 6 tnqþ1 for some nq,
n0t ¼
ffiffiffiffiffi
sþ
p

¼ 0; g0t ¼ g0; ðnt; gtÞ
t ¼ Q�1ðspÞð0; g0Þt:

| if nk1
6 nr < nk1þ1 for some k1, and gl1

6 gr < gl1þ1 for some l1,

bA3;�ðspÞ ¼ bij
A3;� ¼

ffiffiffi
3
p

2
q0ð2N���Þ�1=3 1

a
þ q�ij

� ��2=3

�
1=aþ q�ijffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� N 2
�

q ;

aD
A3;�ðijÞ ¼ 2

3
2p

1
2
��
r�ij

 !1
2

N�

ð1� N 2
�Þ

1
2

with rij the smallest positive number r satisfying
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23=2 p��
r

� � N�
ð1� N 2

�Þ
1=2
¼

Ai ��2=3
� rð2=aþ q�ij Þ

1
3e�ip=3

h i��� ���
Aið0Þ

and tnq0 6 tq0 ¼ tn ��tq0 6 tnq0 þ1 for some nq0 ,

bij
A1;þ ¼

ffiffiffi
3
p

2
q0ð2�þÞ

�1=3 1

a
þ qþij

� ��2=3

�
1=aþ qþijffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

N 2
þ � 1

q ;

aD
A1;þðijÞ ¼

p1=2�
1
6
þðqþij þ 1=aÞ�1=3

25=6r1=2
ij

1

½Ai0ð�q0Þ

2½N 2

þ � 1

with rij the smallest positive number r satisfying

r
1
2 Ai ���

2
3
þ 2

1
3ðqþij þ

1

a
Þ

1
3r þ q0e

i
3p

� �����
���� ¼ 2

1
6�

1
6
þ qþij þ

1

a

� ��1=3

;

f �iþ1
2;jklðt

nÞ ¼ aD
A3;�ðijÞ

X
q;m

aD
A3;�ðiq; jqÞe

�
Pjp

j0¼jq

bA3 ;�ðsj0 Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dy2þDx2
p


 tnqþ1 � tq

Dt

� �
f nq

iq;jq;km;lm
þ tq � tnq

Dt

� �
f nqþ1

iq;jq;km;lm

� 

DyDn

þ ð1� aD
A1;þðijÞÞ

X
q0 ;m0

aD
A1;þðiq0 ; jq0 Þe

�
Pjp

s¼jq0
bA1 ;þðsj0 Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dy2þDx2
p


 DyDn
tnq0 þ1 � tq0

Dt

� �
f

nq0
iq0 þ1;jq0 ;km0 ;lm0 ;�

þ tq0 � tnq0

Dt

� �
f

nq0 þ1

iq0 þ1;jq0 ;km0 ;lm0 ;�

� 


þ 1� aD
A3;�ðijÞ

� � ðnr � nk1
Þðgr � gl1

Þ
DnDg

fi;j;k1þ1;l1þ1

�
þ
ðnk1þ1 � nrÞðgr � gl1

Þ
DnDg

fi;j;k1;l1þ1

þ
ðnk1þ1 � nrÞðgl1þ1 � grÞ

DnDg
fi;j;k1;l1

þ
ðnr � nk1

Þðgl1þ1 � grÞ
DnDg

fi;j;k1þ1;l1

�
;

where ðiq; jq; km; lmÞ 2 C�, km0 2 T , e
�
Pjp

j0¼jq
bA3 ;�ðsj0 Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dy2þDx2
p

P r and e
�
Pjp

j0¼jq0
bA1 ;
ðsj0 Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dy2þDx2
p

P r.

| if nk0 6 nt < nk0þ1 for some k0, gl0 6 gt < gl0þ1 for some l0, and
aD
A2;þðijÞ ¼

p
1
3

2
1

12

�
5

12
þr
�3

4
ij qþij þ

1

a

� ��1
3 Nþ
½Ai’ð�q0Þ


2
½N 2
þ � 1
�

5
4

with rij the smallest positive number r satisfying

Ai �
�2

3
þ r

2

a

� �1
3

e�
i
3p

" #�����
����� ¼ p

1
3

2
1

12

�
5

12
þr�

3
4 qþij þ

1

a

� ��1
3

Nþ½N 2
þ � 1
�

1
4;

f þ
iþ1

2;jkl;þðt
nÞ ¼ aD

A1;þðijÞ
X
q0;m0

aD
A1;þðiq0 ; jq0 Þe

�
Pjp

j0¼jq0

bA1 ;þðsj0 Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dy2þDx2
p


 DyDn
tnq0 þ1 � tq0

Dt

� �
f

nq0
iq0 þ1;jq0 ;km0 ;lm0 ;� þ

tq0 � tnq0

Dt

� �
f

nq0 þ1

ip0 þ1;jq0 ;km0 ;lm0 ;�

� 


þ aD
A2;þðijÞ

X
q;r

aD
A2;þðip; jqÞe

�
Pjp

j0¼jq

bA2 ;�ðsj0 Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dy2þDx2
p


 DyDg
tnqþ1 � tq

Dt

� �
f nq

iq;jq;kr ;lr
þ tq � tnq

Dt

� �
f nqþ1

iq;jq;kr ;lr

� 

;
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where ðiq; jq; kr; lrÞ 2 C�, km0 2 T , e
�
Pjp

j0¼jq
bA2 ;�ðsj0 Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dy2þDx2
p

P r, and e
�
Pjp

j0¼jq0
bA1 ;þðsj0 Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dy2þDx2
p

P r.

| end
€ if c�iþ1=2;j < cþiþ1=2;j, for a Type B interface, js�j < r (case I, critical diffraction), �tq ¼

Pjp

j0¼jq

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dx2þDy2
p

cþðsj0 Þ
,

tnq 6 tq ¼ tn ��tq 6 tnqþ1 for some nq, nk1
6 nr < nk1þ1 for some k1, and gl1

6 gr < gl1þ1 for some l1,
bij
B1;� ¼

ffiffiffi
3
p

2
q0ð2N���Þ�1=3 1

a
þ q�ij

� ��2=3

�
1=aþ q�ijffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� N 2
�

q ;

aD
B1;�ðijÞ ¼ 2

3
2p

1
2
��
rij

� �1
2 N�

ð1� N 2
�Þ

1
2

with rij the smallest positive number r satisfying

23=2 p��
r

� � N�
ð1� N 2

�Þ
1=2
¼

Ai ��2=3
� rð2=aþ q�ij Þ

1
3e�ip=3

h i��� ���
Aið0Þ :

f �iþ1
2;jklðt

nÞ ¼ aD
B1;�ðijÞ

X
q;m

aD
B1;�ðiq; jqÞe

�
Pjp

j0¼jq

bB1 ;�ðsj0 Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dy2þDx2
p


 DyDn
tnqþ1 � tq

Dt

� �
f nq

iq;jq;km;lm
þ tq � tnq

Dt

� �
f nqþ1

iq;jq;km;lm

� 


þ 1� aD
B1;�ðijÞ

� � ðnr � nk1
Þðgr � gl1

Þ
DnDg

fi;j;k1þ1;l1þ1

�
þ
ðnk1þ1 � nrÞðgr � gl1

Þ
DnDg

fi;j;k1;l1þ1

þ
ðnk1þ1 � nrÞðgl1þ1 � grÞ

DnDg
fi;j;k1;l1

þ
ðnr � nk1

Þðgl1þ1 � grÞ
DnDg

fi;j;k1þ1;l1

�
;

where ðiq; jq; km; lmÞ 2 C�, and e
�
Pjp

j0¼jq
bB1 ;�ðsj0 Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dy2þDx2
p

P r.

€ else
f �iþ1
2;jkl ¼

ðnk1þ1 � nrÞðgl1þ1 � g1�Þ
DnDg

fijk1;l1
þ
ðnk1þ1 � nrÞðgr � gl1

Þ
DnDg

fij;k1;l1þ1

�

þ
ðnr � nk1

Þðgr � gl1
Þ

DnDg
fij;k1þ1;l1þ1 þ

ðnr � nk1
Þðgl1þ1 � grÞ

DnDg
fij;k1þ1;l1

�

with nk1
6 nr < nk1þ1 for some k1, and gl1

6 gr < gl1þ1 for some l1.

€ end
The fluxes f �

i;jþ1
2;kl

can be constructed similarly.

Remark 2. In considering diffraction one needs density distribution in several previous time steps. In the first
few time steps, we simply omit this term until the first time when diffraction occurs.
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